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The mixture of Wiener and a Poisson processes are the primary tools used in
creating jump-diffusion process which is very popular in mathematical modeling.
In financial mathematics, they are used to describe the change of stock rates
and bonanzas, and they are often used in mathematical biology modeling and
population dynamics.
In this thesis, we extended the Lie point symmetry theory of deterministic
differential equations to the class of jump-diffusion stochastic differential equa-
tions, i.e., a stochastic process driven by both Wiener and Poisson processes. The
Poisson process generates the jumps whereas the Brownian motion path is con-
tinuous. The determining equations for a stochastic differential equation with
finite jump are successfully derived in an Itô calculus context and are found to be
deterministic, even though they represent a stochastic process.
This work leads to an understanding of the random time change formulae for
Poisson driven process in the context of Lie point symmetries without having to
consult much of the intense Itô calculus theory needed to formally derive it. We
apply the invariance methodology of Lie point transformation together with the
more generalized Itô formulae, without enforcing any conditions to the moments
of the stochastic processes to derive the determining equations and apply it to few
models.
In the first part of the thesis, point symmetry of Poisson-driven stochastic
differential equations is discussed, by considering the infinitesimals of not only
spatial and temporal variables but also infinitesimals of the Poisson process vari-
able. This was later extended, in the second part, to define the symmetry of jump-
diffusion stochastic differential equations (i.e., stochastic differential equations
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The method of studying differential equations using their symmetries was intro-
duced by the Norwegian mathematician Sophus Lie, who also founded the theory
of infinitesimal transformations and Lie groups. Lie’s classical approach is based
on finding a symmetry group associated with a differential equation. This is a
local Lie group of point transformations that maps the solution of differential
equations (DEs) to that of the same DE. The classical method of Lie allows com-
puting the symmetry group associated with a given differential equation. This
symmetry group can further be used for many important applications in the con-
text of differential equations. For instance, for determination of group-invariant
solutions, solving the first order differential equation, reducing the order of higher
ODE, reducing the number of variables of partial differential equations and find-
ing conservation laws. Lie symmetry theory is one of the most powerful method
in analyzing deterministic differential equations and is widely used in literature
[36] - [50] and [56] - [64].
In contrast to the deterministic differential equation, only a few attempts have
been made to extend Lie group theory to the stochastic differential equations. It
is worth noticing that the theory is still developing. Gaeta and Quintero [10]
made the first approach to extend Lie symmetry of differential equations to Itô
stochastic ordinary differential equations by which they consider a small class of
transformations, i.e., fiber preserving transformations
x = θ1(t, x,ε), t = θ2(t,ε).
The method has been used to study the relationship between symmetries of stochas-
tic systems to the symmetries of their corresponding Fokker-Planck equation.
This is a restricted transformation that can only work to a fiber-preserving class
of transformations which is a small sub-class of all possible transformations.
1
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The second attempt [7, 8, 9, 13, 15, 20] succeed in applying symmetry trans-
formations that include all the dependent variables in the transformation.
x = θ1(t, x,ε), t = θ2(t, x,ε).
This approach has been used to study the symmetry of scalar stochastic or-
dinary differential equations of the first order [8] which reconciled the works of
S. V. Meleshko , B. S. Srihirun, E. Schultz [13] and C. Wafo Soh, F. M. Mahomed
[15]. Furthermore, the formal method for finding Lie Point symmetries of scalar
Itô stochastic differential equations of the first order driven by the Wiener pro-
cess was also discussed by E. Fredericks and F. M. Mohamed [7] with intention to
correct and reconcile the findings of Srihirun and Schultz [13].
In [16, 14] G. Gaeta introduced “W-symmetries” by considering symmetries
that involve both the spatial, temporal variables and the vector Wiener process
w(t). However, G. Gaeta [16, 14] enforced conditions that transformed the Wiener
process to be consistent with the original process in terms of its momenta, i.e.,
the instantaneous mean and variance of the transformed process are forced to be
exactly the instantaneous mean and variance of the original Wiener process.
To the best of our knowledge in literature, all the methods above were applied
only to the Itô stochastic differential equations driven by Wiener processes [7, 8,
9, 10, 11, 13, 14, 15, 16, 20, 21, 26, 27, 28, 30, 31, 32, 33, 35, 52, 53].
In this thesis, we extend the Lie symmetry methods to the class of Itô stochas-
tic differential equations driven by both Wiener and Poisson processes i.e., the
jump-diffusion process by implementing a more generalized Itô formula. The pri-
mary tools for finding admitted Lie point symmetry transformations for stochastic
differential equations (SDEs) are the Itô formula and the random change of time.
We are going to follow the methodology of E. Fredericks and F. M. Mohamed
[7, 29] and G. Gaeta [10, 16] in this regard:
• apply infinitesimal transformations on the spatial, temporal variables as
well as Wiener and jump diffusion processes
• apply infinitesimal transformations on the drift and diffusion coefficients of
the stochastic differential equation.
• apply infinitesimal transformations on the moments of the differential stochas-
tic processes.
• induce an invariance transformation argument on the transformed stochas-
tic differential equation in differential form.
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The thesis is organised as follows. In chapter two, we discuss Lie point sym-
metry of Poisson driven stochastic differential equations (SDE) by considering
infinitesimals of spatial x and temporal t variables [1]. In chapter three, this
is extended to include not only spatial and temporal variables but also the Pois-
son process variable N(t) in the transformation, which subsequently leads to the
derivation of generalised random time change for the Poisson process [2].
In chapter four, we define Lie symmetry of stochastic differential equations
driven by the Wiener and the Poisson process, known as the jump-diffusion stochas-
tic process, by considering infinitesimals of spatial x and temporal t variables [3].
This was achieved by using the random time change formula of the Poisson pro-
cess derived in chapter three and the random time change transformation for the
Brownian motion process (Wiener) [8, 9, 13, 20, 28, 32].
Furthermore, the symmetry of jump-diffusion stochastic differential equations
is extended in chapter five and chapter six to include not only infinitesimals of
spatial x and temporal t but also those of Wiener W(t) and Poisson N(t) processes
respectively. This leads to the derivation of the random time change transforma-
tion for the Brownian motion process.
In both cases, the determining equations are derived and found to be deter-
ministic even though they represent a stochastic process. This is accomplished by
ensuring the finite jump stochastic differential equation, as well as the moments
of the processes, remain invariant under one-parameter Lie groups of transforma-
tion. Finally, applications to some stochastic differential equations are presented
and later showed the Lie bracket relations between the admitted infinitesimals
generators.
1.2 Preliminaries
In this sections, we give the basic definitions and results obtained in the litera-
ture regarding the Lie symmetry method for differential equations and stochastic
processes that will provide the necessary background for the research work car-
ried out in this thesis. The short review consists of presentation of the notion of
Lie symmetries of differential equations [38, 40, 43, 45, 46, 47, 50], the necessary
properties and theorems of Brownian motion [4, 22, 23, 34], as well as Poisson
and jump-diffusion processes for Itô stochastic differential equations [5, 25, 24].
4 Chapter 1. Introduction and Preliminaries
1.2.1 Lie Point Symmetry of Differential Equations
This section focus on basic ideas of Lie symmetry method which serves as the
basis for our research, the main objective is to give a short review of the standard
background in Lie symmetry method. A comprehensive account of the subject of
Lie symmetry of differential equations is contained in many standard books on
the topic cf [21, 27, 37, 40, 43, 45].
Definition 1.2.1 Any transformation mapping a differential equation into an equiv-
alent equation of the same form is called a symmetry of the differential equation.
Definition 1.2.2 The set of invertible point transformation G in (t, x) plane,
x = θ1(t, x,ε), t = θ2(t, x,ε)(1.1)
depending on a parameter ε is called a Lie group of transformation if it contains
the identical transformation I = T0 and include the inverse T−1ε as well as compo-
sition Tε2 Tε1 for all its element Tε1 ,Tε2 ∈G, where θ1 and θ2 are sufficiently smooth
functions and θ1
∣∣∣
ε=0 = x and θ2
∣∣∣
ε=0 = t.
Definition 1.2.3 Infinitesimal Generators:
Consider a one parameter Lie group of transformation
x = x(ε)= θ1(t, x,ε), t = t(ε)= θ2(t, x,ε)(1.2)
using Taylor’s series expansion in the parameter ε near ε= 0 (1.2) gives















and can be written as first order linear differential operator









are called the infinitesimals of the transformation.
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Definition 1.2.4 The Lie Point transformation (1.3) or the correspondent infinites-
imal generator (1.5) is called a fiber-preserving transformation or projectile trans-
formation if ∂τ(t,x)
∂x = 0 i.e.,





1.2.2 Lie Algebra [61]
Let H1 and H2 be first order differential operators of the form





(1.8) H2 = τ̇(t) ∂
∂t













Definition 1.2.5 The vector space ` of operator




, H2 = τ̇(t) ∂
∂t
+ ξ̇(t, x) ∂
∂x






for any H1, H2 ∈ `.
Definition 1.2.6 For any finite Lie algebra `r spanned by H1,H2,H3...Hr. A sub-
space Ks (s < r) of a vector space `r spanned by linearly independent operators






for any X1, X2 ∈ Ks.
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Example 1.2.7 Consider the two-dimensional Lie algbra with the basis
(1.13) H1 = ∂
∂x

















































In this section we introduce basic properties and important theorems of Wiener
processes and simple Poisson jump processes in differential form, which are the
primary tools used in creating jump-diffusion process models.
Definition 1.2.8 Stochastic process is the collection of parametrised random vari-
ables
(1.15) X = {X (t) : t ∈ T}




∈ Rn. Where Ω is a sample space, F is a
σ-algebra and P is a probability measure.
1.2.3.1 Stochastic Differential Equations for Wiener Processes
Definition 1.2.9 The standard Wiener process
(1.16) W(t) :R+×Ω→R
over a probability space (Ω,F,P) has the following properties
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• The covariance of two Wiener processes at different time is equal to the min-






• Standard Brownian motion has independents increments i.e, for {ti} ⊂ R+,
the Wiener process W(ti+1)−W(ti) are independents for all
0≤ t1 < t2 < ...< ti.
Lemma 1.2.10 Differential Products dtdW(t) and dW(t)dW(t) [4]










Equations (4.66) and (4.68) can be rewritten in symbolic form respectively as
dtdW(t)= 0 and dW(t)dW(t)= dt.(1.20)
For any two independent Wiener processes dWl(t) and dWm(t), l,m = 1,2,3...,n
the differential product of the Brownian motion is giving in Table 1.1 below
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TABLE 1.1: Itô Multiplication Table of Wiener Processes
dWl(t) dWm(t) dt
dWl(t) dt 0 0
dWm(t) 0 dt 0
dt 0 0 0










∣∣∣W = w]= 0 and V ar[dW(t)∣∣∣W = w]= E[dW(t)dW(t)∣∣∣W = w]= dt.
Theorem 1.2.12 (Itô Formula)
Let X i(t) be a solution of the stochastic differential equation
(1.22) dX i(t)= f i(t, X (t))dt+G il(t, X (t))dWl(t) with 0≤ t ≤ T
with initial value X (0) = x0, where f i(t, X (t)) and G il(t, X (t)) are bounded and
integrable respectively. Assume F(t, X (t)) is differentiable partially up to order
two (C2) with respect to spatial variable x and once differentiable with respect to
time t, then
(1.23)



















The Einstein summation convention is assumed through out this work.
Theorem 1.2.13 (Existence and Uniqueness)
There exists a unique solution of the Itô stochastic differential equation (1.22)
if the coefficients satisfy the following conditions
1. The drift and diffusion coefficients are uniformly Lipschitz in temporal t and
locally at spatial x variables i.e., for any constant K depending on M and T
such that |x|, |y| ≤ M and 0≤ t ≤ T then
(1.24)
∣∣∣ f (t, X1(t))− f (t, X2(t))∣∣∣+ ∣∣∣G(t, X1(t))−G(t, X2(t))∣∣∣< K∣∣∣X1(t)− X2(t)∣∣∣.
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2. The drift and Wiener diffusion coefficients satisfy the linear growth condition
i.e.,
(1.25)
∣∣∣ f (t, X (t))∣∣∣+ ∣∣∣G(t, X (t))∣∣∣< K(1+|x|).
3. The initial condition X (0) = x0 is independent of the Wiener process W(t),
0≤ t ≤ T and
(1.26) EX2(0)<∞.
1.2.3.2 Stochastic Differential Equations for Poisson Processes
Definition 1.2.14 [5] Stochastic process N(t) for t Ê 0 is called a Poisson Process
with intensity λ> 0 if
• N(t) takes values 0,1,2, ... with N0 = 0









, k = 0,1,2, ...
• Independence of increments i.e., N(t)−N(s) is independent of the past N(u)
with u ≤ s.
Definition 1.2.15 [4] Assume the process Y (t) = F(t, X (t)) is a continuous trans-
formation of the process X (t) with a jump function [X ](t) at t. Then the jump









(t, X (t))= F
(




Let the process Y (t) = F(t, X (t)) be a continuous transformation of the process















(t, X (t))= (F(t, X (t)+ J(t, X (t)))−F(t, X (t)))dN(t).
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The Lemma 1.2.16 can easily be prove by using definition 1.2.15 and by the use of
zero-one jump law [4].
Definition 1.2.17 Chain rule for H (N(t), t)
Let H (N(t), t) be once continuously differential in t and continuous N.
(1.31) dH (N(t), t)= d(Cont)H (N(t), t)+d(Jump)H (N(t), t)
where





Lemma 1.2.18 Differential Products dtdN(t) and dN(t)dW(t) [4]
Given an independent random variables of the Wiener W(t) and Poisson pro-










Equation (1.32) and (1.33) can be rewritten in symbolic form respectively as
dtdN(t)= 0 and dN(t)dW(t)= 0.(1.34)
Definition 1.2.19 The infinitesimal moments of the standard differential scalar
























∣∣∣W = w]= E[dW(t)∣∣∣W = w]E[dN(t)]= 0.
Theorem 1.2.20 (Mean Square Limit Form Of The Zero-one Law)















symbolically (dN)m(t)= dN(t), m = 1,2,3...,n.
Theorem 1.2.21 (Itô Lemma for Poisson diffusion process) [4, 5]
Let Y (t) = F j(t, X (t)), such that the function F j(t, X (t)) is once continuously
differentiable with respect to x and t. Let the X i(t) process satisfy the Itô stochastic
differential equation with finite jump of the form,
(1.39) dX i(t)= f i(t, X (t))dt+ Ji(t, X (t))dN(t)
X (0)= x0, where f i(t, X (t)) and Ji(t, X i(t)) are bounded and integrable respectively.
Then
(1.40) dF j(t, X (t))=
(∂F j
∂t







t, X (t)+J j(t, X (t))
)
−F j(t, X (t))
)
dN(t).
Proof : Formally, using the increment form of the differential,
dY (t)=Y (t+dt)−Y (t)
= F(X (t+dt), t+dt)−F(X (t), t)
= F(X (t)+dX (t), t+dt)−F(X (t), t).
(1.41)





(t)= J(X (t), t)dN(t)) are treated separately from the continuous and
smooth deterministic changes (terms in dt only, such that dX (det)(t))= f (X (t), t)dt).
Using the mean square approximation [4] we have
dF j(t, X (t))=
∂F j
∂t






t, X (t)+ [X ])
)












t, X (t)+ J j(t, X (t)dN(t))
)












t, X (t)+ J j(t, X (t))
)




where the zero-one jump law [4] has been used to take the dN(t) out of the ar-
gument of F and let it multiply the jump change in F in the last line of the above
equation. Note that the jump change has been defined, so that if there is no Poisson
jump, then the jump function is zero.
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1.2.3.3 Stochastic Differential Equations with Jump-diffusion Processes
Jump-diffusion stochastic differential equations appear in a process combining
both Wiener and Poisson processes. The Wiener term provides the diffusion while
the Poisson term provides the jump. i.e.,
(1.43) dX i(t)= f i(t, X (t))dt+G il(t, X (t))dWl(t)+ Ji(t, X (t))dN(t).
Where f i(t, X (t)) and Ji(t, X (t)) are n×1 dimensional drift vector and jump dif-
fusion coefficients respectively, while G il(t, X (t)) is the Wiener diffusion matrix
coefficient of n×M dimension. dW(t) is called the infinitesimal increment of the
Wiener process while dN(t) is called the infinitesimal increment of the Poisson
process and is used to determine the existence of the jump.
The stochastic jump-diffusion equation (1.43) can be decomposed into the con-
tinuous part
(1.44) dX ci (t)= f i(t, X (t))dt+G il(t, X (t))dWl(t)
and the jump part




(t)= Ji(t, X (t))dN(t).
Now, the jump-diffusion equation (1.43) can be rewritten as
(1.46) dX i(t)= dX ci (t)+dX Ji (t).
Definition 1.2.22 For any two independent Brownian motion processes dWl(t)
and dWm(t) and a scalar Poisson process dN(t) where l,m = 1,2,3...,n. The dif-
ferential product of the jump-diffusion process can be summarised viz Table 1.2
below
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TABLE 1.2: Itô Multiplication Properties Table of Jump-diffusion
dt dWl dWm dN
dt 0 0 0 0
dWl 0 dt 0 0
dWm 0 0 dt 0
dN 0 0 0 dN
Theorem 1.2.23 (Itô Lemma For Jump-diffusion Processes)
Let X i(t) be a solution of jump-diffusion stochastic differential equation
(1.47) dX i(t)= f i(t, X (t))dt+G il(t, X (t))dWl(t)+ Ji(t, X (t))dN(t).
Where f i(t, X (t)) and Ji(t, X (t)) are n×1 dimensional drift vector and jump dif-
fusion coefficients respectively and G il(t, X (t)) is the Wiener diffusion matrix co-
efficient of n× M dimension. with initial value X (0) = x0. Assume F(t, X (t)) is
differentiable partially up to order two (C2) with respect to spatial variable x and
once differentiable with respect to time t, then





















t, X i(t)+ J j(t, X (t))
)




The solution of the jump-diffusion stochastic differential equation (1.47) exists
and is unique if the drift vector and jump diffusion as well as the Wiener diffusion
matrix coefficients satisfy the following conditions [5, 25, 34, 51, 66]
1. The drift and diffusion coefficients are uniformly Lipschitz in temporal t and
locally at spatial variable x i.e., for any constant K depending on M and T
such that |x|, |y| ≤ M and 0≤ t ≤ T then
(1.49)∣∣∣ f (t, X1(t))− f (t, X2(t))∣∣∣2 + ∣∣∣G(t, X1(t))−G(t, X2(t))∣∣∣2 + ∣∣∣J(t, X1(t))− J(t, X2(t))∣∣∣2 < K∣∣∣X1(t)− X2(t)∣∣∣2.
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2. The drift and Wiener diffusion coefficients satisfied linear growth condition
i.e.,
(1.50)
∣∣∣ f (t, X (t))∣∣∣2 + ∣∣∣G(t, X (t)))∣∣∣2 + ∣∣∣J(t, X (t))∣∣∣2 < K(1+|x|2).
3. The initial condition X (0) = x0 is independent of the Wiener process W(t),
0≤ t ≤ T and
(1.51) EX2(0)<∞.
Proof : See [25].
Chapter 2
Lie Symmetry of Itô Stochastic
Differential Equations Driven by
the Poisson Processes
In this chapter, we defined a Lie point symmetry transformation of a class of Pois-
son driven Itô stochastic differential equations [1] which extended the earlier the-
ory of Lie symmetry on Brownian motion driven stochastic differential equations
[7, 8, 9, 10, 15, 20]. This was achieved by utilising Itô lemma [4, 5] for Poisson
stochastic Processes and by considering the infinitesimals of temporal and spatial
variables.
2.1 Introduction
We consider Lie point symmetries of Itô stochastic differential equations driven
by Poisson processes of the form,
(2.1) dX i(t)= f i(t, X (t))dt+ Ji(t, X (t))dN(t)
with initial condition X (0)= x0. So, equation (2.1) can be written in integral form
as
(2.2) X (t)= x0 +
∫ t
o




where f i(t, X (t)) and Ji(t, X (t)) are n×1 dimensional drift vector coefficients and
Poisson diffusion coefficient respectively, which are assumed to satisfy Ikeda and
Watanabe [51, 66] conditions for the uniqueness and existence of the solution of
(2.1). dN(t) is the infinitesimal increment of the Poisson Process [17, 18, 19].
15
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Symmetries of (2.1) are analysed by considering an infinitesimal generator





The determining equations for Itô stochastic differential equations (SDE) driven
by Poisson processes (2.1) are derived using Itô calculus and are found to be non-
stochastic.
Starting with an arbitrary function F(t, X (t)) which is once differential with
respect to the spatial coordinate x and differentiable once with respect to temporal
variable t, the Itô Poisson diffusion process for F(t, X (t)) of (2.1) exists [4, 5] and
is












t, X i + J j(t, X i)
)












(2.6) Γ∗(F) j = F j(t, X i(t)+ J j(t, X (t)))−F j(t, X (t)).
Therefore (4.68) can be rewritten as;
(2.7) dF j(t, X (t))=Γ(F) j dt+Γ∗(F) j dN(t).
Using the Itô multiplication properties in Table 1.2 [4, 5] and application of in-
finitesimal transformations the determining equations for (SDE) with Poisson
processes are derived and are non-stochastic. The main result can be summarised
as
Theorem 2.1.1 The Itô stochastic differential equation driven by Poisson pro-
cesses
(2.8) dX i(t)= f i(t, X i(t))dt+ Ji(t, X i(t))dN(t)
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where f i(t, X (t)) and Ji(t, X (t)) are the n-dimensional drift vector coefficient
and the Poisson diffusion coefficient, with infinitesimal generator











Γ(τ) +H( f j)−Γ(ξ) j
)





Γ(τ) +H(J j)−Γ∗(ξ) j
)
(t, X (t))= 0
with additional conditions,
(2.12) Γ∗(τ)(t, X (t))= 0, and Γ(τ)(t, X (t))= c1.
The operators Γ(t, X (t)) and Γ∗(t, X (t)) are defined as in (2.5) and (2.6), and λ> 0
is called the intensity of the jump process or jump rate.
2.2 Lie Group Transformations
Consider a one parameter group of transformations of the time index t and the
spatial variable x respectively,




= τ(t, x), ∂θ2
∂ε
= ξ(t, x)
satisfying the following initial conditions at ε= 0
t
∣∣∣
ε=0 = t, X (t)
∣∣∣
ε=0 = X (t).
A one parameter Lie group of infinitesimal transformations is therefore
(2.13) t = t+ετ(t, x)+O(ε)
18
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and
(2.14) X j(t)= X j(t)+εξ j(t, x)+O(ε),
where ε is the parameter of the group, with the corresponding generator of the
Lie algebra of the form





The differential point transformations of the spatial, temporal and the Poisson
process variables are as follows
(2.15) dt = dt+εdτ+O(ε),
(2.16) dX j(t)= dX j(t)+εdξ j +O(ε)
and








Using the Itô formula (2.7), we have the spatial and temporal infinitesimals in Itô
forms as
(2.18) dξ j =Γ(ξ) j (t, X (t))dt+Γ∗(ξ) j (t, X (t))dN(t)
and
(2.19) d(τ)=Γ(τ)(t, X (t))dt+Γ∗(τ)(t, X (t))dN(t),
where Γ(ξ) j (t, X (t)), Γ
∗
(ξ) j
(t, X (t)), Γ(τ)(t, X (t)) and Γ∗(τ)(t, X (t)) are the drift and dif-
fusion coefficients of the spatial and temporal infinitesimals, respectively defined
using the operators (2.5) and (2.6).
By substitution of the infinitesimal of spatial (2.18) and temporal variables
(2.19) in (2.15), (2.16) and (2.17), and also using the Itô multiplication properties
table 1.2 we proceed to get the group transformations of temporal, spatial and
jump variables in Itô forms
(2.20) dt = dt+ε
(
Γ(τ)(t, X (t))dt+Γ∗(τ)(t, X (t))
)
dN(t)+O(ε),
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dX j(t)= dX j(t)+ε
(












Expending the Itô infinitesimal of the jump variable (2.22) by utilising the Poisson









2.2.1 Invariance Form of the Spatial Process
To ensure the recovery of the finite transformations from the infinitesimal trans-
formation, we need to transform dX j(t) into
(2.24) dX j(t)= f j(t, X (t))dt+ J j(t, X (t))dN(t),
where the transformed drift component f j(t, X (t)) and jump component J j(t, X (t))
using the infinitesimal generator






f j(t, X (t))=
(
f j +εH( f j)
)
(t, X (t))












J j(t, X (t))=
(
J j +εH(J j)
)
(t, X (t))











2.2.2 Poisson Invariance Properties
We apply the invariance to the moments of the Poisson process to ensure it re-
mains invariant under the group transformations, viz the instantaneous mean
20
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The invariance of the instantaneous mean of the transformed Poisson process






Expanding (2.29) using the Itô forms of temporal (2.20) and jump group transfor-
mations (2.23) we get
(2.30) Γ∗(τ)(t, X (t))= 0.
Next, we apply the invariance form to instantaneous variance of the transformed






Thus, using (2.30) and the Itô temporal group transformation (2.20) we have de-





(2.33) Γ(τ) = constant = c1







Finally, we can conclude from (2.30) the temporal infinitesimal τ(t, x) does not
depend on x, therefore τ(t, x)= τ(t).
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Definition 2.2.1 The infinitesimal transformations (2.15) and (2.16) i.e.,
t = t+ετ(t, x)+O(ε), X j(t)= X j(t)+εξ j(t, x)+O(ε)(2.35)
are called Lie symmetry transformations of (2.1) if they leave the Itô stochastic
differential equation (2.1)
(2.36) dX (t)= f (t, X (t))dt+ J(t, X (t))dN(t)














= dt invariant. Where λ > 0 and ε are the jump intensity and group
parameter respectively.
2.3 Derivation of the Determining Equations
In this section, we will derive the determining equations for the admitted sym-
metries of (2.1).
The intention is to transform dX j(t) into
(2.38) dX j(t)= f j(t, X (t))dt+ J j(t, X (t))dN(t).
Substituting the transformed drift coefficient (2.25), Poisson vector coefficients
(2.26), Itô forms of temporal (2.20) and Poisson group transformation (2.23) into
(2.38) we get
dX j(t)= dX j(t)+ε
(
f jΓ(τ)(t, X (t))+
λJ j
2












Therefore, by comparing transformed stochastic differential equation (2.39) and







Γ(τ) +H( f j)−Γ(ξ j)
)
(t, X (t))= 0
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Γ(τ) +H(J j)−Γ∗(ξ j)
)
(t, X (t))= 0.
The invariance of the instantaneous mean of the transformed differential Poisson
process (2.29) gives additional conditions i.e., from (2.30) we get
(2.42) Γ∗(τ)(t, X (t))= 0.
Equation (2.40) can be interpreted using the definition of first prolongation of
an infinitesimal generator for non-stochastic ordinary differential equations as
follows;





(2.44) ẋi = dxidt = Dtxi
and












with total time derivative Dt defined as







using the definition of first prolongation on (ẋi− f i) at ẋi = f i, can be expressed as
(2.47) H[1](ẋi − f i)|ẋi= f i = η[1]i −H( f i).
Using (2.45) and (2.47) equation (2.41) can be written as










where the operators Γ(τ)(t, X (t)), Γ∗(τ)(t, X (t)) are defined in (2.5), (2.6) respectively.
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Remark 2.3.1 The extra condition obtained from the invariance of the instanta-
neous mean of the transformed differential Poisson process (2.29) forces the tempo-
ral infinitesimal τ(t, x) to be a function of the time variable only. This implies that,
we are now dealing with a fiber-preserving infinitesimal generator i.e.,





2.3.1 Unal’s Extra Condition
Unal’s G. in [9] commented that the Itô multiplication properties for the trans-
formed processes has to be satisfied i.e.,
(2.50) dN(t)dN(t)= dN(t), dW l(t)dN(t), dN(t)dt = 0,
This led to an additional condition
(2.51) Γ(τ)(t, X (t))= 0.
2.4 Applications
In this section, we are going to apply the derived determining equations of Pois-
son Itô stochastic differential equations obtained in the previous section to some
Poisson process models to show how the determining equations can be used to
find the admitted Lie point symmetries of each model.
Example 2.4.1 Consider the Poisson SDE, linear in the state process X (t), with
constant coefficients,




with initial condition X (t0) = x0 > 0, u0(t) = 2 is the drift or deterministic coeffi-
cient and v0(t) = 1 is the jump amplitude coefficient of the jump term, with jump
rate λ=λ0.








(t, X (t))= 0
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+ξ(t, x)−ξ(t, x+ x)+ξ(t, x)= 0.
Using (2.30) and (2.33) we get the temporal infinitesimal as
(2.57) τ(t)= c1t+ c2.





















































= d f (t)
dt
.
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Solving the differential equation (2.63) we get
(2.64) ξ(t, x)= f (t)x+ g(x).















Solving the ordinary differential equation (2.66) implies f (t) is linear in t i.e.,
(2.67) f (t)= c3t+ c4.
After substituting (2.67) into (2.64) we arrive at spatial infinitesimal
(2.68) ξ(t, x)= (c3t+ c4)x+ g(x).























x ln |x|− x
)
+ c5x+ c6,
therefore, using (2.71) the spatial infinitesimal (2.68) can be written as





x ln |x|− x)+ c5x+ c6.
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x ln |4|) .
Further comparison of the coefficients of powers of x in (2.74), gives
• x : c3 = c1
(
(4+λ0)
2 − 1ln |4|
)
and
• x0 : c6 = 0.
Thus, the spatial infinitesimal (2.72) finally becomes









So we have three symmetry generators corresponding to the infinitesimals













(2.77) H2 = ∂
∂t
, H3 = 2x ∂
∂x
.
After finding the generators (2.76) and (2.77) they give the following Lie bracket
relations in Table 2.1.
Chapter 2. Lie Symmetry of Itô Stochastic Differential Equations Driven by the
Poisson Processes 27
TABLE 2.1: Commutator Table for the Lie Algebra Generators
(2.76) and (2.77)
[Hi,H j] H1 H2 H3
H1 0 −H4 − H3ln |16|
H2 H4 0 0
H3
H3
ln |16| 0 0
The commutator Table 2.1 shows that the infinitesimals generator (2.76) and (2.77)
is closed under Lie bracket relations and hence is Lie algebra, where H4 is linear
combination of H3 and H2 given as H4 =αH3 +H2 with α= ln |16|−1+ln |2|λ0ln |16| .
Applying the extra condition (2.51) obtain by making sure the transformed
Poisson variables satisfy Watanabe characterisation of Poisson, we get from (2.33)
(2.78) Γ(τ) = c1 = 0.
Which reduced the symmetry infinitesimals to
(2.79) H2 = ∂
∂t
, H3 = 2x ∂
∂x
.
Example 2.4.2 Consider a Poisson driven stochastic differential equation
(2.80) dX =−kt2dt+bdN(t) with b 6= 0
and initial condition X (0)= x0.





























= ξ(t, x+b)−ξ(t, x).
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Using equation (2.30) and (2.33) we get the temporal infinitesimal as
(2.83) τ(t)= c1t+ c2.















= ξ(t, x+b)−ξ(t, x).



























solving the differential equation (2.89) we have
(2.90) ξ(x, t)= f (t)x+ g(t).





Equation (2.91) implies f (t) is constant i.e.,
(2.92) f (t)= c3,
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therefore, using (2.92) and (2.90) we have
(2.93) ξ(x, t)= c3x+ g(t).
Substituting (2.93) in (2.85) gives this relation
(2.94) c1 = 2c3.





















Therefore, substituting (2.96) into (2.93) the spatial infinitesimal finally becomes











Finally the jump-diffusion model admitted three dimensional symmetry infinites-
imal generators;


















, H3 = ∂
∂x
.
With corresponding Lie bracket relations of the generators (2.98) given in Table 2.2
as
TABLE 2.2: Commutator Table for the Lie Algebra Generators
(2.98)
[Hi,H j] H1 H2 H3
H1 0 −H4 −H32
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The Lie bracket relations in Table 2.2 above show that the infinitesimal generator
(2.98) satisfied Lie commutative relation properties and hence forms a Lie alge-
bras, where H4 = H2 − bλ2 H3 is the linear combination of H2 and H3.
Applying the extra condition (2.51) obtain by making sure the transformed
Poisson variables satisfy Watanabe characterisation of Poisson, we get from (2.33)
(2.99) Γ(τ) = c1 = 0.
Which reduced the symmetry infinitesimals to




, H3 = ∂
∂x
.
Example 2.4.3 Consider a Poisson stochastic differential equation
(2.101) dX (t)= adt+dN(t), a ∈ℜ 6= 0
given initial condition X (0)= x0.
































−ξ(t, x+1)+ξ(t, x)= 0.
Equation (2.30) and (2.33) gives the temporal infinitesimal
(2.106) τ(t)= c1t+ c2.
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(2.108) c1 = ξ(t, x+1)−ξ(t, x).



























Equation (2.111) and (2.112) implies
(2.113) ξ(t, x)= f (t)x+ g(t).





Equation (2.114) implies f (t) is constant i.e.,
(2.115) f (t)= c3.
Therefore, equation (2.113) using (2.115) becomes
(2.116) ξ(t, x)= c3x+ g(t).
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Using (2.116) and (2.108) reveals the relation
(2.117) c1 = c3.
Equation (2.116) and (2.117) implies
(2.118) ξ(t, x)= c1x+ g(t).





Solving the differential equation (2.119) and substituting the result in (2.118) gives
the required spatial infinitesimal as






So we have three symmetry generators corresponding to the infinitesimals as














The commutation relations of the generators (2.121) given in Table 2.3 as
TABLE 2.3: Commutator Table for the Lie Algebra Generators
(2.121)
[Hi,H j] H1 H2 H3
H1 0 −(H2 + λ2 H3) −H3
H2 H2 + λ2 H3 0 0
H3 H3 0 0
The commutator Table 2.3 shows that the infinitesimals generator (2.121) is closed
under Lie bracket relations and hence is a Lie algebra.
Applying the extra condition (2.51) obtain by making sure the transformed
Poisson variables satisfy Watanabe characterisation of Poisson, we get from (2.33)
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(2.122) Γ(τ) = c1 = 0.
Which reduced the symmetry to





Example 2.4.4 Consider a Poisson noise stochastic differential equation
(2.124) dX (t)=αdN(t), α ∈ℜ 6= 0
with initial condition X (0)= x0.




























−ξ(t, x+α)+ξ(t, x)= 0.
Similarly from (2.83), we get the temporal infinitesimal as
(2.129) τ(t)= c1t+ c2.





c1 = ∂ξ(t, x)
∂t
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and
(2.131) c1 = ξ(t, x+α)−ξ(t, x).
























Solving the differential equation (2.135) with (2.134) in mind we have
(2.136) ξ(t, x)= f (t)x+ g(t).
Substituting (2.136) into (2.132) gives
(2.137) f (t)= c3.
Equation (2.137) into (2.136) gives
(2.138) ξ(t, x)= c3x+ g(t).
Using (2.138) in (2.131) gives the following relation
(2.139) c1 =αc3.
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Finally, using (2.140), (2.138) and (2.139) gives the spatial infinitesimal







+ c4, α 6= 0.
So we have three dimensional symmetry generators as
















With corresponding Lie bracket relations given in Table 2.4.
TABLE 2.4: Commutator Table for the Lie Algebra Generators
(2.142)
[Hi,H j] H1 H2 H3
H1 0 −(H2 + λ2 H3) −H3α





The commutator Table 2.4 shows that the infinitesimals generators (2.142) is closed
under Lie bracket relations and hence is a Lie algebra.
Applying the extra condition (2.51) obtain by making sure the transformed
Poisson variables satisfy Watanabe characterisation of Poisson, we get from (2.33)
(2.143) Γ(τ) = c1 = 0.
Which reduced the symmetry to only






Lie symmetry analysis for Itô Stochastic differential equations driven by the Pois-
son process was carried out, infinitesimals of the Poisson process dN(t) where
derived using the moments invariance properties of the process. Determining
equations where derived and found to be deterministic even thought they describe
36
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stochastic differential equation. Examples are given to show how the determining
equations can be used to find the symmetries, symmetries admitted by (2.1) are
found to be fiber preserving symmetries.
Fredericks E. and Mahomed F. M. [8] proved that in the case of Wiener driven
stochastic differential equation, the invariance of the moments of the process is
sufficient with no recourse to the Itô multiplication properties of the transformed
variables. However, it was proved in this chapter, is not the case for Poisson
driven stochastic equations i.e., the Itô multiplication properties of the trans-
formed variables must be satisfied. This lead to the reduction of the symmetry
infinitesimals by at least one dimension.
Finally, the Lie bracket relations was obtained which shows that all the in-
finitesimals generators found are closed under the Lie bracket and hence they
form a Lie algebra. Classification of the given examples is presented in Table 2.5.
TABLE 2.5: Lie Group Classification Chapter 2
Group Dimension Basis Operators Equations
2 H2 = ∂∂t , H3 = 2x ∂∂x dX (t)= X (t)(2dt+dN(t))
2 H2 = ∂∂t −kt2 ∂∂x , H3 = ∂∂x dX =−kt2dt+bdN(t)
2 H2 = ∂∂t H3 = ∂∂x dX (t)= adt+dN(t) a 6= 0
3 H2 = ∂∂t , H3 = ∂∂x dX (t)=αdN(t) α 6= 0
Chapter 3
N- symmetry of Itô Stochastic
Differential Equations Driven by
the Poisson Process
Lie point symmetry transformation of the class of Itô stochastic differential equa-
tion driven by Poisson Processes was successfully carried out [2]. We consider
symmetries involving not only spatial and time variables (t, x), but also the Pois-
son process term N(t). The result was achieved by following the invariance method-
ology of Lie point transformation and the use of Itô formula for Poisson stochas-
tic differential equation without enforcing any conditions to the momenta of the
stochastic process.
3.1 Introduction
Lie symmetry methods for the class of Itô stochastic differential equations driven
by Poisson processes of the form
(3.1) dX i(t)= f i(t, X (t))dt+ Ji(t, X (t))dN(t),
were discussed by extending the symmetry generator to include the infinites-
imal transformations of Poisson processes N(t). We now consider infinitesimal
transformations involving not only the spatial and time variables (t, x), but also
the Poisson diffusion processes N(t). We named this symmetry generator "N(t)-
symmetries" of (3.1), where f i(t, x) and Ji(t, x) are the n×1 dimensional drift vec-
tor coefficient and Poisson diffusion coefficient respectively. Here dN(t) is the
infinitesimal increment of the Poisson process. We assume that the coefficient
functions f (t, x) and J(t, x) satisfy the Ikeda Watanabe conditions for the exis-
tence and uniqueness of the solution of (3.1) [4, 9].
37
38
Chapter 3. N- symmetry of Itô Stochastic Differential Equations Driven by the
Poisson Process
Symmetries of (3.1) are analysed by considering the infinitesimal generator




+φi(t, x, N) ∂
∂N
.
The determining equations for Itô stochastic differential equations driven by Pois-
son processes (3.1) are successfully derived in an Itô calculus context, and they
are found to be deterministic even though they represent a stochastic process.
Finally, using Itô multiplication properties of stochastic differential equations
driven by Poisson diffusion processes in Table 1.2 [4, 5] and application of in-
finitesimal transformations the determining equations for the Poisson process
stochastic differential equation (3.1) are derived. The following result was ob-
tained.
Theorem 3.1.1 The Itô stochastic differential equation driven by Poisson pro-
cesses
(3.3) dX i(t)= f i(t, X i(t))dt+ Ji(t, X i(t))dN(t),
where the coefficient functions f i(t, X (t)) and Ji(t, X (t)) are n×1 dimensional drift
vector coefficient and Poisson diffusion coefficients, with infinitesimal generator




+φi(t, x, N) ∂
∂N
.
has admitted the following determining equations;
(3.5)
(
f jΓ(τ)+λJ j[Γ(τ)−Γ∗(φ) j]+H( f j)−Γ(ξ) j
)
(t, X (t))= 0,
(3.6)
(
J jΓ∗(φ) j +H(J j)−Γ∗(ξ) j
)
(t, X (t))= 0
and
(3.7) Γ(φ) j +λΓ∗(φ) j =λΓ(τ)
(3.8) Γ∗(φ) j = Γ(τ)2
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with additional conditions,
(3.9) Γ∗(τ)= 0 and Γ(τ)= c1.
The operators Γ(t, X (t, N)) and Γ∗(t, X (t, N)) are defined as in (2.5) and (2.6). The
infinitesimals τ(t, x, N), ξ(t, x, N) and φ(t, x, N) are called the admitted symmetries
of (3.1) if and only if they satisfied the determining equations (3.5)-(3.9).
3.2 Lie Group Transformations
Consider a one parameter group of transformation with temporal variable t, the
spatial variable x and Poisson process variable N respectively,









satisfying the following initial conditions at ε= 0
t
∣∣∣
ε=0 = t X (t)
∣∣∣
ε=0 = X (t) N(t)
∣∣∣
ε=0 = N(t).
Where ε is the parameter of the group, hence the corresponding generator of the
Lie algebra is of the form of




+φi(t, x, N) ∂
∂N
.
The group transformations can be expressed in term of of the symmetry operator
(3.11) as
(3.12) t = eεH(t)
(3.13) x = eεH(x)
and
(3.14) N = eεH(N).
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Using the Itô formula (2.7), we can also write the spatial, temporal and Poisson
infinitesimals as Itô processes respectively as,
(3.18) dτ=Γ(τ)dt+Γ∗(τ)dN(t),
(3.19) dξ j =Γ(ξ) jdt+Γ∗(ξ) jdN(t)
and
(3.20) dφ=Γ(φ) jdt+Γ∗(φ) jdN(t).
The operators Γ(t, x) and Γ∗(t, x) were been defined in (2.5) and (2.6) respectively,
these operators are in fact instantaneous and standard deviation of the temporal,
spatial and Poisson infinitesimals τ, ξ and φ respectively.
3.2.1 Invariance Form of the Spatial Process
To ensure the recovery of the finite transformations from the infinitesimal trans-
formation, we need to transform dX (t) into
(3.21) dX j(t)= f j(t, X (t))dt+ J j(t, X (t))dN(t)
where the transformed drift component using our generator (3.11) is
(3.22) f j(t, X (t, N))= eεH( f j)
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and the transformed Poisson amplitude is
(3.23) J j(t, X (t, N))= eεH(J j).
Expanding the drift component (3.22) we have




f j(t, X (t))dt.
The following condition is necessary to ensure the recovery of the finite transfor-
mations from the infinitesimal transformation
(3.25) eεH(t)(t, X )=Γ(eεH(t)(t, X )).
Condition (3.25) is to ensure that the higher order terms depend on the first term
associated with O(ε). All the ordered terms contribute in the construction of the
finite transformations, the zeroth and the first order terms contribute towards the
construction of the infinitesimal transformations. This also forces the instanta-
neous drift coefficient of the temporal infinitesimal to be a constant. i.e.,
(3.26) Γ(τ)= c1.
Expanding the Poisson amplitude (3.23) gives
(3.27)









3.2.2 Poisson Invariance Properties
Before deriving the determining equations, we apply the invariance to the mo-
ments of the Poisson process to make sure it remain invariant under the group
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The invariance of the instantaneous mean of the transformed Poisson process






















Next, we apply the invariant form to instantaneous variance of the transformed












finally, from (3.15) and (3.16), equation (3.34) gives the following differential re-
lation
(3.35) Γ∗eεH(N)Γ∗eεH(N)dt =ΓeεH(t)dt+Γ∗eεH(t)dN(t).





Using (3.36), (3.32) reduced to
(3.38) ΓeεH(N)+λΓ∗eεH(N)=λΓeεH(t).
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(3.40) ΓeεH(t)= constant = c1















This is a generalized random time change formula for the Poisson process.
Definition 3.2.1 The infinitesimal transformations
t = eεH(t), x = eεH(x) and N = eεH(N)(3.44)
are called admitted Lie symmetry transformations of stochastic differential equa-
tions driven by Poisson process
(3.45) dX i(t, N)= f i(t, X (t, N))dt+ Ji(t, X (t, N))dN(t),














invariant, where λ> 0 is the Poisson jump intensity.
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3.3 Derivation of the Determining Equations
This section is devoted to finding the determining equations of the admitted Lie
symmetries of the stochastic differential equations driven by Poisson processes
(3.1).
The intention is to transform given stochastic differential equation (3.1) into
(3.47) dX j(t)= f j(t, X (t))dt+ J j(t, X (t))dN(t).
This can be achieved by substituting (3.24) and (3.27) into (3.47) which gives
dX (t)= dX j(t)+ε
(
















+H( f j)−Γ(ξ) j
)




J jΓ∗(φ) j +H(J j)−Γ∗(ξ) j
)
(t, X (t))= 0.
Equations (3.37) and (3.38) give
(3.51) Γ∗(φ j)+Γ∗(φ j)=Γ(τ)
and
(3.52) Γ(φ j)+λΓ∗(φ j)=λΓ(τ).
From (3.51), we have
(3.53) Γ∗(φ j)= Γ(τ)2
Equations (3.52) and (3.53) give
(3.54) Γ(φ j)=λΓ(τ)2 .
To show the relationship between (3.49) and the first prolongation of ordinary
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differential equations we proceed by; using the definition of first prolongation of
an infinitesimal generator for non-stochastic ordinary differential equations





(3.56) ẋi = dxidt = Dtxi
and












with total time derivative Dt defined as







using the definition of first prolongation on (ẋi− f i) at ẋi = f i, can be expressed as
(3.59) H[1](ẋi − f i)|ẋi= f i = η[1]i −H( f i).
Using (3.59) and (3.57) equation (3.49) can be written as
(3.60) H[1](ẋ j − f j)|ẋ= f −λJ j
(
Γ(τ)−Γ(φ))= 0,
where Γ(t, X (t, N)) and Γ∗(t, X (t, N)) are defined using the operators (2.5) and (2.6)
respectively.
3.3.1 Unal’s Extra Condition
Unal’s G. in [9] commented that the Itô multiplication properties for the trans-
formed processes has to be satisfied i.e.,
(3.61) dN(t)dN(t)= dN(t), dW l(t)dN(t), dN(t)dt = 0,
the properties led to an additional condition
(3.62) Γ(τ)= 0.
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3.4 Applications
In this section, we are going to apply the derived determining equations obtained
in the previous section to some Poisson stochastic differential equations to show
how they can be used to find the admitted Lie point symmetries.
Example 3.4.1 Consider a stochastic differential equation
(3.63) dX (t, N)=−kt2dt+bdN(t)
with b 6= 0 and initial condition X (0)= x0.
























φ(t, x+b, N)−φ(t, x, N)
)
= ξ(t, x+b)−ξ(t, x),





























= 0, ∂τ(t, x, N)
∂N
= 0.
Therefore, using (3.68) and (3.36) we have the temporal infinitesimal as
(3.69) τ(t, N)= c1t+ c0.






















(3.72) φ(t, x+b, N)−φ(t, x, N)= c1
2
.



















= ∂φ(t, x, N)
∂x
= g(t, N).





















(3.79) ξ(t, x)= h(t)x+ g(t).
Substituting (3.79) into (3.73) we get
(3.80) f (t)= c3,
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therefore, using (3.80) and (3.79) we have
(3.81) ξ(x, t)= c3x+ g(t).
Substituting (3.81) in (3.65) using (3.72) gives the relation
(3.82) c1 = 2c3.





















Therefore, substituting (3.84) into (3.81) the spatial infinitesimal finally becomes











Therefore from (3.75) and (3.78) we get
(3.86) g(t, N)= g(N).
Which implies from (3.75) and (3.78) respectively
(3.87) φ(t, x, N)= g(N)x+ g1(t, N),
and
(3.88) ξ(t, t)= h(t)x+ g(t).
Substituting (3.87) into (3.71) gives






therefore using (3.89) in (3.87) gives
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Substituting (3.91) in (3.90) yields the infinitesimal of the Poisson process as











Equations (3.92) and (3.85) satisfy (3.65) automatically. So we have infinite sym-
metry generators as
































H4 = g2(N) ∂
∂N
.
with corresponding Lie bracket relations for a simplest g2(N)= c, given by
TABLE 3.1: Commutator Table for the Lie Algebra Generators
(3.93) and (3.94)
[Hi,H j] H1 H2 H3 H4
H1 0 H5 H6 0
H2 −H5 0 0 0
H3 −H6 0 0 0
H4 0 0 0 0












, b 6= 0.
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The commutative Table 3.1 shows that the infinitesimals generators (3.93) and
(3.94) are closed under Lie bracket relations and hence form a Lie algebra.
Applying the extra condition (3.62) obtain by making sure the transformed
Poisson variables satisfy Watanabe characterisation of Poisson, we get from (3.40)
(3.95) Γ(τ) = c1 = 0.
Which reduced the symmetry infinitesimals to only









Example 3.4.2 Consider a model
(3.97) dX (t, N)=−k2tdt+αtdN(t), α 6= 0
with initial condition X (0)= x0.



























φ(t, x+αt, N)−φ(t, x, N)
)
+ατ= ξ(t, x+αt, N)−ξ(t, x, N),
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Therefore, using (3.102) and (3.36) the infinitesimal of the temporal variable be-
comes
(3.103) τ(t, N)= c1t+ c0.




















= ξ(t, x+αt)−ξ(t, x),












































(3.112) φ(t, x, N)= g1(N)x+ g2(t, N).
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Substituting (3.112) in (3.106) we get
(3.113) g1(N)= c1 = 0
which implies
(3.114) φ(t, x, N)= g2(t, N).
Similarly, substituting (3.114) in (3.107) gives
(3.115) φ(t, x, N)= g3(N).
solving (3.110) yields
(3.116) ξ(t, x)= h(t)x+h1(t).




Therefore substituting (3.117) into (3.116) we have
(3.118) ξ(t, x)= c0
t
x+h1(t).
Substituting (3.118) into (3.104) using (3.113) and gives
(3.119) h1(t)= c3 and c0 = 0.
Using (3.113) and (3.119) the infinitesimals of the temporal and spatial variables
(3.103) and (3.118) respectively become
(3.120) τ(t, x, N)= 0 and ξ(t, x)= c3.
Therefore we have infinite symmetry infinitesimal generators
(3.121) H1 = ∂
∂x
, Hg = g3(N) ∂
∂N
.
The infinitesimals generators (3.121) forms an abelian group with the Lie bracket
relations for a simplest form of g3(N)= c, given as
[H1,Hg=c]= [Hg=c,H1]= 0.
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The infinitesimals in this case automatically satisfy Unal extra condition (3.62)
(3.122) Γ(τ) = c1 = 0.
Example 3.4.3 Consider a Poisson stochastic differential model
(3.123) dX (t, N)=−k2xdt+
√
2k2dN(t), k 6= 0
where k is a non-negative real number and initial condition X (0)= x0.






































































Therefore using (3.128) and (3.36) we have the temporal infinitesimal as
(3.129) τ(t)= c1t+ c0.























































= ∂φ(t, x, N)
∂x
= g(t, N).
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(3.142) ξ(t, x)=−k2xtc1 +h1(t)+ c3x.
Substituting (3.141) in (3.132) gives
(3.143) g2(t, N)= c1tλ2 + g3(N).























Substituting (3.142) into (3.125) using (3.131) yields
(3.147) c1 = c3 = 0.
Therefore using (3.144), (3.147) and (3.145) gives
(3.148) ξ= h1(t), φ= g3(N).
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So we have infinite symmetry infinitesimal generators as
(3.150) H1 = ∂
∂t
, H2 = e−k
2t ∂
∂x
, H3 = g3(N) ∂
∂N
,
with corresponding Lie bracket relations of the generators (3.150) for a simplest
form of g3(N)= c given in Table 3.2 as
TABLE 3.2: Commutator Table for the Lie Algebra Generators
(3.150)
[Hi,H j] H1 H2 H3
H1 0 −k2H2 0
H2 k2H2 0 0
H3 0 0 0
The Lie bracket relations in Table 3.2 show that the infinitesimal generator (3.150)
satisfied Lie commutative relation properties and hence forms a Lie algebras.
The infinitesimals in this case automatically satisfy Unal extra condition (3.62)
(3.151) Γ(τ) = c1 = 0.
3.5 Conclusion
Lie point symmetry transformations for the class of Itô stochastic differential
equations driven by Poisson Processes was successfully carried out. We consid-
ered symmetries involving not only spatial x and time variables t, but also in-
cluded the Poisson process term N(t). This was achieved by following the method-
ology of Lie point transformations [3, 6] and the use of Itô formula for Poisson
stochastic differential equations [1] without enforcing any conditions at the mo-
menta of the stochastic processes.
We ensured the instantaneous mean and variance of the Poisson stochastic
processes remained invariant under the transformation (3.10).
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Finally, the determining equations for the Itô stochastic differential equation
driven by Poisson processes
(3.152) dX i(t, N)= f i(t, X (t, N))dt+ Ji(t, X (t, N))dN(t)
were successfully derived and they were found to be non-stochastic even though
they represent stochastic processes. Determining equations found were later ap-
plied to a few examples which, while simple, are non-trivial to find their cor-
respondent admitted Lie symmetries. Classification of the given examples are
presented in Table 3.1 below. The simplest form of g2(N) = g3(N) = c is used
throughout to calculate the commutator tables.
TABLE 3.3: Lie Group Classification Chapter 3
Group Dimension Basis Operators Equations
inf inite H2 = ∂∂t −kt2 ∂∂x , H3 = ∂∂x H4 = g(N) ∂∂N . dX (t, N)=−kt2dt+bdN(t)
inf inite H1 = ∂∂x , H2 = g(N) ∂∂N . dX (t, N)= t(−k2tdt+αdN(t))
inf inite H1 = ∂∂t , H2 = e−k
2t ∂





Lie Symmetry of Jump-Diffusion
Itô Stochastic Differential
Equations
In this chapter, we define the Lie symmetry of jump-diffusion stochastic differen-
tial equations by considering infinitesimals of the spatial and temporal variables
[3]. This was achieved by using the random time formula for standard Brownian
motion to transform the Wiener process term [33, 53] as well as the random time
formula for Poisson processes to transform the Poisson term which was derived in
chapter 3.
4.1 Introduction
Lie symmetries of Wiener process stochastic differential equation were discussed
in [7, 10, 13, 14, 16, 20, 28] which is based on the standard method of the ran-







In chapter 3, we derived a similar random time change formula for Poisson pro-
cesses in the context of Lie point symmetries by ensuring the instantaneous mean
and variance of the Poisson process remained invariant under Lie group transfor-
mations [2]. i.e.,










Chapter 4. Lie Symmetry of Jump-Diffusion Itô Stochastic Differential
Equations
In this chapter, we considered the random time change of Wiener processes
(4.1) and that of Poisson processes (4.2) and discussed Lie point symmetries for
Itô stochastic differential equations (SDE) driven by both Wiener process and
Poisson processes (jump-diffusion);
(4.3) dX i(t)= f i(t, X (t))dt+G ik(t, X (t))dWk(t)+ Ji(t, X (t))dN(t)
where f i(t, X (t)) and Ji(t, X (t)) are n×1 dimensional drift vector coefficients and
jump diffusion coefficients respectively. While G ik(t, X (t)) is the Wiener diffusion
matrix coefficient of n×M dimensions, dW(t) is called the infinitesimal increment
of the Wiener process while dN(t) is called the infinitesimal increment of the
Poisson process.
To ensure the existence and uniqueness of the solution of (4.3), the instanta-
neous drift coefficient f i(t, X (t)), Wiener diffusion coefficient G ik(t, X (t)) and the
jump diffusion coefficient Ji(t, X (t)) are assumed to comply with Ikeda-Watanabe
conditions [66].
The Lie point symmetries of (4.3) are discussed by considering infinitesimals
involving the spatial variable x and time variable t, using the infinitesimal gen-
erating operator





The determining equations for Ito stochastic differential equations (SDE) with
finite jumps (4.3) are derived in an Ito calculus context and were found to be non-
stochastic though they represent a stochastic process.
For an arbitrary function F(t, X (t)) which is twice contentiously differential
with respect to spatial coordinates x and differentiable once with respect to time
t, then by the Itô lemma for jump diffusion process, the Itô process F(t, X (t)) of
(4.3) exists and is























t, X i(t)+ J(t, X i(t))
)




The Einstein summation convention is assumed through out, for the matter of
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Γ∗∗(F) j = F j(t, X i(t)+ J(t, X i(t)))−F j(t, X i(t)).(4.8)
Therefore, the Itô process (4.5)























t, X i(t)+ J(t, X i(t))
)




can be rewritten as;
(4.10) dF j(t, X (t))=Γ(F) j dt+Γ∗(F) j dW(t)+Γ
∗∗
(F) j dN(t).
By using the Itô multiplication properties for stochastic differential equations
driven by both Wiener and Poisson processes in Table 1.3 and application of in-
finitesimal transformations the determining equations for stochastic differential
equations with finite jump processes (SDEJ) are derived and found to be deter-
ministic. The main result can be summarised as
Theorem 4.1.1 The Itô stochastic differential equation driven by both Wiener and
Poisson process
dX (t)= f i(t, X (t))dt+
M∑
k=1
G ik(t, X (t))dWk(t)+ Ji(t, X (t))dN(t)
i.e., stochastic differential equation with a finite jump, where f (t, X (t)) and J(t, X (t))
are the n×1 dimensional drift vector coefficient and jump diffusion coefficient re-
spectively and G ik(t, X (t)) is the Wiener diffusion matrix coefficient of n× M di-
mension, with infinitesimal generator











Γ(τ) +H( f j)−Γ(ξ) j
)
(t, X (t))= 0,
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Γ(τ) +H(G jk)−Γ∗(ξ) j
)






Γ(τ) +H(J j)−Γ∗∗(ξ j)
)
(t, X (t))= 0.
With additional conditions
(4.15) Γ∗(τ)(t, X (t))= 0
and
(4.16) Γ∗∗(τ)(t, X (t))= 0,
where the operators Γ(t, x), Γ∗(t, x) and Γ∗∗(t, x) are defined as in (4.6), (4.7) and
(4.8). λ> 0 is called the intensity of the jump process or simply the jump rate, and
infinitesimals ξ(t, x) and τ(t, x) are called the admitted symmetries of (4.3) if and
only if they satisfied the determining equations (4.12) - (4.16).
4.2 Lie Group Transformations
Consider a one parameter group of transformations of time index t and the spatial
variable x respectively,




= τ(t, x), ∂θ2
∂ε
= ξ(t, x).
The following initial conditions are satisfied at ε= 0
t
∣∣∣
ε=0 = t, X (t)
∣∣∣
ε=0 = X (t).
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Therefore, considering a one parameter Lie group of infinitesimal transformations
t = t+ετ(t, x),(4.17)
X j(t)= X j(t)+εξ j(t, x),(4.18)
where ε is the parameter of the group, with the corresponding infinitesimal gen-
erator of the Lie algebra
H = τ(t, X (t)) ∂
∂t
+ξi(t, X i(t)) ∂
∂xi
.
The differential group transformation of the spatial x, temporal t, Wiener pro-
cess W(t) and the jump process N(t) variables respectively are
dt = dt+εdτ+O(ε),(4.19)














While using the Itô formula (4.10), the spatial and temporal infinitesimals in
Itô forms can be written respectively as
dξ j =Γ(ξ) j (t, X (t))dt+Γ∗(ξ) j (t, X (t))dW(t)+Γ
∗∗
(ξ) j (t, X (t))dN(t)(4.23)
and
(4.24) dτ=Γ(τ)(t, X (t))dt+Γ∗(τ)(t, X (t))dW(t)+Γ∗∗(τ)(t, X (t))dN(t).
Substituting the Itô forms of the spatial infinitesimal (4.23) and the temporal in-
finitesimal (4.24) into equations (4.19), (4.20) and (4.21) the point group transfor-
mation of the spatial, temporal and Wiener processes respectively can be written
in Itô form as
(4.25) dt = dt+ε
(
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(4.26)
dX j(t)= dX j(t)+ε
(
Γ(ξ) j (t, X (t))dt+Γ∗(ξ) j (t, X (t))dWj(t)+Γ
∗∗






Γ(τ)(t, X (t))dt+Γ∗(τ)(t, X (t))dWj(t)+Γ∗∗(τ)(t, X (t))dN(t)
dt
dWj(t)+O(ε).
The Itô form of Wiener group transformation (4.27) can be further simplified using
the Itô multiplication properties of Wiener process viz Table 1.1 to get
(4.28) dWj(t)= dWj(t)+ ε2
(
Γ(τ)(t, X (t))dWj(t)+Γ∗(τ)(t, X (t))
)
+O(ε).
Similarly, substituting the Itô temporal infinitesimal of the (4.24) into (4.22) the










Expanding the Itô group transformation of jump variable (4.29) and by the use of















After transforming the temporal, spatial, Wiener process and Poisson process in-
finitesimals using one parameter group of transformation in Itô context, we are
now going to proceed next to find the transformed drift vector, Wiener diffusion
and Poisson process coefficients using our infinitesimal generator in the subse-
quent section.
4.2.1 Invariance Form of the Spatial Process
To ensure the recovery of the finite transformations from the infinitesimal trans-
formation, we need to transform (4.3) into
(4.31) dX j(t)= f j(t, X (t))dt+G jk(t, X (t))dW(t)+ J j(t, X (t))dN(t).
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In order to accomplish this, we need to transform the drift vector coefficient
f j(t, X (t)), the Wiener diffusion coefficient G jk(t, X (t)) as well as the jump dif-
fusion coefficient J j(t, X (t)) using the infinitesimal generator (4.4) i.e.,





The drift vector coefficient, the Wiener diffusion coefficient, and the jump diffu-
sion coefficient can be transformed respectively as follows
f j(t, X (t))=
(
f j +εH( f j)
)
(t, X (t))











G lj(t, X (t))=
(
G jk +εH(G jk)
)
(t, X (t))












J j(t, X (t))=
(
J j +εH(J j)
)
(t, X (t))











In the next sections, we ensure sure the properties of both Wiener and Poisson
process moments remains invariant under Lie group transformation. This will
help us to obtain extra conditions for the determining equations of jump-diffusion
stochastic differential equation (4.3) [7, 9], and ensure (4.3) remains unchanged
under the Lie group of transformations.
4.2.2 Wiener Invariance Properties
We apply the invariance to the moments of the Wiener process to make sure it
remains invariant under the group transformations, viz the instantaneous mean















The invariance of the instantaneous mean of the transformed Wiener process un-

















simplifying (4.38) and the use of instantaneous mean property (4.35) yields
(4.39) Γ∗(τ)(t, X (t))= 0.
Next we apply the invariance form to instantaneous variance of the transformed
Wiener process measure i.e., using (4.28) and (4.39) we get
EQ
[







(Γ(τ)(t, X (t))dt+Γ∗(τ)(t, X (t))dW(t)+Γ∗∗(τ)(t, X (t))dN
dt
)






dW l(t,w)dWm(t,w)|W = w
]
= δlmdt.
Equation (4.40) implies that instantaneous variance remain invariant under the
Lie group of transformations.
Remark 4.2.1 We have seen that applying the invariance transformation to the
mean and variance of the Wiener process lead to additional conditions for the de-
termining equations. This is the same extra condition obtained by [9, 8, 20, 32, 33]
when studying the symmetry of stochastic equations driven by Wiener processes.
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4.2.3 Poisson Invariance Properties
Similarly, we apply the invariance to moments of the Poisson process to make sure
it remains invariant under the Lie group transformations, viz the instantaneous










The invariance of the instantaneous mean of the transformed Poisson process






Expanding (4.44) using (4.30) and (4.25) gives
(4.45) Γ∗∗(τ)(t, X (t))= 0.
Next, we apply the invariant form to instantaneous variance of the transformed












(4.48) Γ(τ) = constant = c1
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Remark 4.2.2 In [10, 13, 14, 28] while discussing symmetries of stochastic dif-
ferential equations driven by the Brownian motion they restrict their work such
that the temporal infinitesimal τ(t, x) depends only on t not x in the beginning i.e.,
fiber-preserving transformations





Invariance of the instantaneous mean of the Poisson process under the group trans-
formation yields the same result in this case. That is from (4.45) we can conclude
the temporal infinitesimal τ(t, x) does not depend on x, therefore τ(x, t)= τ(t).
Definition 4.2.3 A symmetry of jump-diffusion stochastic differential equation
(4.3) i.e.,
(4.51) dX i(t)= f i(t, X (t))dt+G ik(t, X (t))dWk(t)+ Ji(t, X (t))dN(t)
is a one parameter group of transformations that leaves (4.51) and infinitesimal
moments of the Wiener and the Poisson processes invariant.
4.3 Derivation of the Determining Equations
In this section, we concentrate on finding determining equations for the admitted
Lie group symmetries of (4.3).
The intention is to transform (4.3) into
(4.52) dX j(t)= f j(t, X (t))dt+G jk(t, X (t))dW(t)+ J j(t, X (t))dN(t).
Substituting (4.25), (4.28), (4.30), (4.32), (4.33) and (4.34) into (4.52) with consid-
eration of equations (4.39) and (4.45), gives
dX j(t)= dX j +ε
(
f jΓ(τ)(t, X (t))+
λJ j
2
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Γ(τ) +H( f j)−Γ(ξ) j
)





Γ(τ) +H(G jk)−Γ∗(ξ) j
)






Γ(τ) +H(J j)−Γ∗∗(ξ) j
)
(t, X (t))= 0.
With additional conditions obtained from the invariance of both Wiener (4.39) and
Poisson momenta (4.45) respectively as;
(4.57) Γ∗(τ)(t, X (t))= 0
and
(4.58) Γ∗∗(τ)(t, X (t))= 0.
Equation (4.54) can be related with the first prolongation of the ordinary differ-
ential equations as follows.
Using the definition of first prolongation of an infinitesimal generator for non-
stochastic ordinary differential equations





(4.60) ẋi = dxidt = Dtxi
and
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With total time derivative Dt defined as







using the definition of first prolongation on (ẋi− f i) at ẋi = f i, can be expressed as
(4.64) H[1](ẋi − f i)|ẋi= f i = η[1]i −H( f i).
Using (4.60) and (4.62), equation (4.54) can be rewritten as
(4.65)






















The operators Γ(t, x), Γ∗(t, x) and Γ∗∗(t, x) are defined as in (4.6), (4.7) and (4.8),
the temporal infinitesimals ξ(t, x) and τ(t, x) are called the admitted symmetries
of (4.3) if and only if they satisfied the determining equations (4.54) - (4.58).
Remark 4.3.1 Note that by removing the jump diffusion term i.e., substituting
J(t, x)= 0 in (4.3), the determining equations was partially covered in [7, 10] when
considering stochastic differential equations driven by Wiener processes using the
so called fiber preserving transformation and the ignoring extra condition found in
(4.57). Similarly, for jump diffusion term J(t, x)= 0 determining equations (4.54),
(4.55) and (4.57) are derived in [8, 9] while studying Wiener stochastic differential
equations.
4.3.1 Unal’s Extra Condition
Unal’s G. in [9] commented that the Itô multiplication properties for the trans-
formed processes has to be satisfied i.e.,
(4.66) dN(t)dN(t)= dN(t), dW l(t)dN(t), dN(t)dt = 0
and
(4.67) dWl(t)dWm(t)= δlmdt, dW(t)dt = 0, dtdt = 0.
Fredericks E. and Mahomed F. M. [8] proof that in the case of Wiener driven
stochastic differential equation, the invariance of the moments of the process is
sufficient with no recourse to the Itô multiplication properties of the transformed
variables. However, we prove in chapter 2 and 3 that, is not the case for Poisson
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driven stochastic equations, in which equation (4.66) led to extra condition
(4.68) Γ(τ)(t, X (t))= 0.
4.4 Applications
In this section, we apply the determining equations obtained for some jump-
diffusion models to find their respective infinitesimals.





with initial condition X (0)= x0, where D is non-negative constant and b 6= 0.
From the jump-diffusion model (4.69) we have the drift vector, Wiener diffusion
and jump coefficients respectively as
f (t, x)=−kt2, G(x, t)=
p
D, D > 0 and J(t, x)= b b 6= 0.(4.70)




































































= ξ(t, x+b)−ξ(t, x).
Using (4.48) and (4.58) we get the temporal infinitesimal as
(4.74) τ(t)= c1t+ c2.
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(4.77) ξ(t, x+b)−ξ(t, x)= bc1
2
.
Solving the differential equation in (4.76) yields the spatial infinitesimal
(4.78) ξ(t, x)= c1x
2
+ f (t).




















c1 −kt2c2 + c3.











c1 −kt2c2 + c3.
Finally, using the extra condition (4.68) the spatial and temporal infinitesimals
reduce to
(4.82) ξ(t, x)=−kt2c2 + c3, and τ(t, x)= c2.
Therefore, jump-diffusion stochastic differential equation (4.69) admitted two di-
mensional Lie symmetry infinitesimal generators




, H2 = ∂
∂x
.
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Example 4.4.2 Consider the system of stochastic differential equations studied






with k2 a positive constant and X (0)= x0.




 , J j(t, x)=
 0
αt




















































































Using (4.48) and (4.58) we get the temporal infinitesimal
(4.90) τ(t)= c1t+ c2.
Substituting temporal infinitesimal (4.90) into (4.86) and (4.87) respectively gives










































Solving (4.93) and (4.94) respectively gives
(4.95) ξ1 = c1x22 + f (t, x1)
and
(4.96) ξ2 = c1x22 + g(t, x1).
Substituting (4.95) and (4.96) into (4.91) and (4.92) respectively gives
(4.97) x2c1 + c1x22 + g(t, x1)=
∂ f (t, x1)
∂t

















It is clear to see that, since f (t, x1) and g(t, x1) does not depend on x2 we have from
(4.97) and (4.98)





Substituting from (4.99) into (4.97) and (4.98) we respectively get
(4.100)
∂ f (t, x1)
∂t





+k2 g(t, x1)= 0.
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Solving (4.101) gives
(4.102) g(t, x1)= c3e−k
2t.
Substituting (4.102) into (4.100) leads to




Therefore, by using (4.99) in (4.90), (4.95) and (4.96) respectively gives the follow-
ing infinitesimals
τ(t)= c2, ξ1 = −c3e
−k2t
k2
+ c4 and ξ2 = c3e−k
2t.(4.104)
We can clearly see ξ1 satisfied (4.56) automatically for j = 1. For j = 2, substituting
ξ2 = c3e−k2t and τ(t)= c2 into (4.56) we get
(4.105) c2α= 0,
this implies c2 = 0, since α 6= 0.
Therefore, substituting c2 = 0 into (4.104) we have the infinitesimals reduced to
τ(t)= 0, ξ1 = −c3e
−k2t
k2
+ c4 and ξ2 = c3e−k
2t.(4.106)









, H2 = ∂
∂x1
(4.107)
with corresponding Lie bracket relations [H1,H2]= [H2,H1]= 0. Which shows that
the symmetries generator (4.107) forms an abelian group.
Remark 4.4.3 After considering the model that involves both Wiener and Poisson
diffusion we recover two of the three symmetries obtained by Giuseppe Gaeta [16].
This is to be expected since the jump term adds uncertainty to the model.
Example 4.4.4 Consider the jump SDE, linear in the state process X (t), with con-
stant coefficients;
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with initial condition X (t0) = x0 > 0. The coefficient u0(t) is called the drift or
deterministic coefficient, v0(t) is called the jump amplitude coefficient of the jump
term and α0(t) is called Wiener diffusion coefficient, with jump intensity λ=λ0.
Therefore, we have the drift, Brownian motion diffusion and jump coefficients
as
f (t, x)= u0x, g(t, x)=α0x and J(t, x)= v0x.(4.109)
with u0, α0 v0 non-zero.














































































+v0ξ= ξ(t, x+v0x)−ξ(t, x).
From (4.48) and (4.58) we have the temporal infinitesimal as
(4.113) τ(t)= c1t+ c2.



























+v0ξ= ξ(t, x+v0x)−ξ(t, x).
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Solving (4.115) we get the spatial infinitesimal as
(4.117) ξ(t, x)= xc1 ln |x|
2
+ f (t)x, f or x > 0.
By substituting spatial infinitesimal (4.117) into (4.116), we finally get
(4.118) c1 = 0.
Therefore, substituting (4.118) into (4.117) and (4.113) the temporal and spatial
infinitesimals respectively reduce to
(4.119) τ(t)= c2
and
(4.120) ξ(t, x)= f (t)x.






(4.122) ξ(t, x)= c3x.
Therefore, the symmetries algebra is two dimensional given as
H1 = ∂
∂t
, H2 = x ∂
∂x
.(4.123)
The Lie bracket relation of the generator (4.123) is [H1,H2] = [H2,H1] = 0, which
shows that the symmetries algebra is also an abelian group .
Remark 4.4.5 Symmetry algebra of geometric Brownian motion driven stochas-
tic differential equation was discussed by Ebrahim and Mahomed F. M. [8] and
the generators are found to be generated by three-dimensional algebra. In this ex-
ample, we see that adding Poisson diffusion to the model reduces the symmetry by
one dimension. Interestingly, the two generators found are the only ones that leave
a stochastic differential invariant [8].
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4.5 Conclusion
Lie symmetry of jump-diffusion stochastic differential equations was discussed,
by considering infinitesimals of the spatial and temporal variables. This was
achieved by utilising the random time formula for standard Brownian motion







as well as the random time formula for Poisson processes derived in Chapter 3
i.e.,








The determining equations of the jump-diffusion stochastic differential equation
(4.126) dX (t)= f i(t, X (t))dt+G ik(t, X (t))dWk(t)+ Ji(t, X (t))dN(t)
were derived and are found to be deterministic after applying the invariance
methodology to the moments of both Wiener and Poisson processes. The deter-
mining equations found are similar to the one used in [8, 9, 13, 20, 28, 32] if
the Poisson terms are removed. We apply the determining equations to several
jump-diffusion models to show how they can be used to find the admitted Lie
infinitesimals transformation of the respective models. Finally, a Lie bracket re-
lation was found to show the relationship between the infinitesimals generators,
the which show that the infinitesimals generators are closed under Lie relations
and hence form a Lie algebra. The Lie group classification of the given examples
is given in Table 4.2 below.
TABLE 4.1: Lie Group Classification Chapter 4
Group Dimension Basis Operators Equations
2 H1 = ∂∂t −kt2 ∂∂x , H2 = ∂∂x . dX =−kt2dt+pDdW +bdN(t)












2 H1 = ∂∂t , H2 = x ∂∂x . dX (t)= X (t)(u0(t)dt+α0(t)dW +v0(t)dN(t))
Chapter 5
W- symmetry of Itô Stochastic
Differential Equations with a
Finite Jump Process
In this Chapter, we discuss Lie point symmetry of stochastic differential equations
driven by Wiener and Poisson processes. The symmetry is obtained by considering
infinitesimals involving not only spatial and temporal variables but also that of
vector Wiener process variable W(t). This work leads to the derivation of the
random time change formula of Itô Brownian motion [35] in Lie transformation
context.
5.1 Introduction
In Chapter 4, we consider symmetries of Itô stochastic differential equations
(SDE) with a finite jump process involving the infinitesimals of temporal t and
spatial variables x. In this chapter, we extend Chapter 4 by including the in-
finitesimal of the Wiener process W(t) i.e., we now consider infinitesimals involv-
ing not only the spatial and time variables, but also the Wiener diffusion process.
The Lie point symmetries of Itô stochastic differential equations (SDE) driven
by both Wiener and Poisson processes
(5.1) dX i(t)= f i(t, X (t,W))dt+G il(t, X (t,W))dWl(t,W)+ Ji(t, X (t,W))dN(t)
are considered. Where f i(t, X (t,W)) and Ji(t, X (t,W)) are n×1 dimensional drift
vector coefficient and jump diffusion coefficient respectively and G ik(t, X (t,W)) is
the n×M dimensional Wiener diffusion matrix coefficient, with jump rate λ> 0.
The determining equations for Itô stochastic differential equations (SDE) with
finite jump (5.1) are derived in an Itô calculus context and find to be non-stochastic.
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In Chapter 4, we start with an arbitrary function F(t, x) which is at least
twice differentiable with respect to spatial x and temporal t variables respectively,
which satisfy the finite jump stochastic differential equation
(5.2) dF j(t, X (t,W))=Γ(F) j dt+Γ∗(F) j dW(t)+Γ
∗∗
(F) j dN(t)
i.e., by the Itô lemma of the jump diffusion process. Where
















(5.5) Γ∗∗(F) j = F j
(
t, X i(t,W)+ J(t, X i(t,W))
)
−F j(t, X i(t,W))
In [29] E. Fredericks, successfully extended the operators (5.3) and (5.4) using the
same arbitrary function F(t, x) so that they include the Wiener process i.e.,















G ik(t, X (t,W))Gmk(t, X (t,W))
∂2F j
∂xi∂xm
(5.8) Γ∗(w)(F) j =
∂F j
∂W
+G il(t, X (t,W))
∂F j
∂xi
and additional jump term
(5.9) Γ∗∗(w)(F) j = F j
(
t, X i(t,W)+ J(t, X i(t,W))
)
−F j(t, X i(t,W)).
The operators (5.7), (5.8) and (5.9) still satisfy (5.6) since it is not a function of the
Wiener variable w. Thus operators were used to confirm the finding of Gaeta [16].
The main result obtained in this chapter is summarised in the theorem below.
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Theorem 5.1.1 The Itô stochastic differential equation with a finite jump
dX i(t)= f i(t, X (t,w))dt+G il(t, X (t,w))dW(t)+ Ji(t, X (t,w))dN(t)
where f i(t, X (t,w)) and Ji(t, X (t,w)) are n×1 dimensional drift vector coefficient
and jump diffusion coefficient respectively and G ik(t, X (t,w)) is the Wiener diffu-
sion matrix coefficient of n×M dimension, with infinitesimal generator













+H( f j)−Γ(w)(ξ) j
)

















(t, X (t,w))= 0
with the following additional conditions;
(5.14) Γ∗(w)(τ)(t, X (t,w))= 0,
(5.15) Γ∗∗(w)(τ)(t, X (t))= 0,
(5.16) Γ∗∗(w)(φl)(t, X (t,w))= 0,
(5.17) Γ∗(w)(φl)(t, X (t,w))= 0,
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(5.18) Γ(τ)(t, X (t,w))= 0
and
(5.19) Γ(w)(φl)(t, X (t,w))= 0.
The operators Γ(w)(t, x), Γ∗(w)(t, x) and Γ
∗∗
(w)(t, x) are defined in (5.7), (5.8) and (5.9)
respectively, then the infinitesimals ξ(t, x), τ(t, x,w) and φ(t, x,w) are called the
admitted symmetries of (5.1) if and only if they satisfied the determining equations
(5.11) - (5.19). The proof of the theorem will follow in the subsequent sections.
5.2 Lie Group Transformations
Consider a one-parameter group of transformations of time index t, the spatial
variable x and jump variable J respectively,
t = θ1(t, x,w,ε), x = θ2(t, x,ε), W = θ3(t, x,w,ε)(5.20)









satisfying the following initial conditions at ε= 0
t
∣∣∣
ε=0 = t, X
∣∣∣
ε=0 = X , W
∣∣∣
ε=0 =W .
The group transformations can be expressed as
(5.22) t = t+ετ(t, x,w),
(5.23) X j = X j +εξ j(t, x)
and
(5.24) Wl =Wl +εφl(t, x,w).
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Where ε is the parameter of the group, hence the corresponding generator of the
Lie algebra is of the form








The Point differential transformation of the temporal and spatial variables are
respectively
(5.26) dt = dt+εdτ+O(ε)
and
(5.27) dX j = dX j +εdξ j +O(ε).
Similarly, the point differential transformations of Wiener and Jump variables
are respectively
(5.28) dWl(t)= dWl(t)+εdφl +O(ε)
and








The infinitesimals of spatial, temporal and jump variables using Itô formula (5.6)
can be written in Itô forms of the stochastic differential equations of jump form
as
(5.30)
dξ j =Γ(w)(ξ) j(t, X (t,w))dt+Γ∗(w)(ξ) j(t, X (t,w))dW(t)+Γ∗∗(w)(ξ) j(t, X (t,w))dN(t),
(5.31) dτ=Γ(w)(τ)(t, X (t,w))dt+Γ∗(w)(τ)(t, X (t,w))dW(t)+Γ∗∗(w)(τ)(t, X (t,w))dN(t)
and
(5.32)
dφl =Γ(w)(φl)(t, X (t,w))dt+Γ∗(w)(φ)l(t, X (t,w))dW(t)+Γ∗∗(w)(φl)(t, X (t,w))dN(t).
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Substituting the Itô form of the spatial infinitesimal (5.30) and temporal infinites-
imal (5.31) in equations (5.26) and (5.27), spatial and temporal differential trans-
formations respectively can be written in Itô form as







dX j(t)= dX j(t)+ε
(
Γ(w)(ξ) jdt+Γ∗(w)(ξ) jdW(t)+Γ∗∗(w)(ξ) jdN(t)
)
(t, X (t,w))+O(ε).
Similarly, substituting the Itô form of the jump infinitesimal (5.32) in (5.28) and
the temporal infinitesimal (5.31) in (5.29), the Wiener process and the jump pro-





































Setting the differential group transformations of the temporal, spatial, Wiener
and jump processes in Itô form, we are now ready to apply them and transform
the jump-diffusion coefficients as well as the moments of the processes i.e., to
make sure they remain invariant under the Lie group of transformations.
5.2.1 Invariance Form of the Spatial Process
To ensure the recovery of the finite transformations from the infinitesimal trans-
formation, we need to transform (5.1) into
(5.38) dX j(t,w)= f j(t, X (t,w))dt+G jl(t, X (t,w))dW(t)+ J j(t, X (t,w))dN(t).
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This will be achieved by transforming the drift vector f j(t, X (t,w)), Wiener dif-
fusion G jk(t, X (t,w)) and jump coefficients J j(t, X (t,w)) using the infinitesimal
generator of the Lie group of transformations








The drift vector component, Wiener and jump diffusion coefficients can be respec-
tively transformed to;
f j(t, X (t,w))=
(
f j +εH( f j)
)
(t, X (t,w))














G ljl(t, X (t))=
(
G jl +εH(G jl)
)
(t, X (t,w))















J j(t, X (t))=
(
J j +εH(J j)
)
(t, X (t,w))














In the next sections, we are going to make sure the transformed Wiener and
Poisson processes together with there moments are still Wiener and Poisson pro-
cesses, that is, to ensure they remain invariant under the Lie group transforma-
tion and later move to derive the determining equations.
5.2.2 Wiener Invariance Properties
We first verify that the transformed Wiener process is still Wiener by ensuring
the Itô multiplication properties of the Brownian motion [9, 25] are satisfied i.e.,
(5.42) dWl(t)dWm(t)= δlmdt, dW(t)dt = 0, dtdt = 0.
Using the differential group transformation of Wiener process (5.35), we find
(5.43)
dW l(t)dWm(t)= dWl(t)dWm(t)+ε(Γ∗(w)(φl)+Γ∗(w)(φm))dWl(t)dWm(t)= δlmdt.
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Substituting the temporal group transformation (5.33) in (5.43) and by comparing
the Wiener, jump and Riemann integrals we have the following relations
(5.44) Γ∗(w)(φl)+Γ∗(w)(φm)=Γ(w)(τ)(t, X (t)),
(5.45) Γ∗(w)(τ)(t, X (t))= 0
and
(5.46) Γ∗∗(w)(τ)(t, X (t))= 0.
Similarly, using the differential group transformation of Wiener process (5.35)
and temporal variable (5.33) we have
(5.47) dW(t)dt =Γ∗(w)(τ)(t, X (t))= 0,
its easy the see dtdt = 0.
Next, we apply the invariance to the moments of the Wiener process to make
sure it remains invariant under the group transformations, viz the instantaneous










The invariance of the instantaneous mean of the transformed Wiener process un-
der new measure Q is
(5.50) EQ
[
dW l(t)|W = w
]
= 0.
Substituting the differential group transformation of the Wiener process (5.35)








(t, X (t,w))+O(ε)|W = w
]
= 0.
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(t, X (t,w))= 0.
Next, we apply the invariance form to instantaneous variant of the transformed
Wiener process measure (5.49)
(5.53) EQ
[
dW l(t)dWm(t)|W = w
]
= δlmdt.











Finally, substituting the Itô form of the group transformation of the index time




dt =Γ(w)(τ)(t, X (t,w))dt+Γ∗(w)(τ)(t, X (t,w))dW(t)+Γ∗∗(w)(τ)(t, X (t,w))dN(t).
Comparing the Wiener, jump and Riemann integrals we have the following rela-
tions
(5.56) Γ∗(w)(φl)+Γ∗(w)(φm)= δlmΓ(w)(τ)(t, X (t,w)),
(5.57) Γ∗(w)(τ)(t, X (t,w))= 0
and
(5.58) Γ∗∗(w)(τ)(t, X (t,w))= 0.
5.2.3 Poisson Invariance Properties
Before deriving the determining equations, we need to apply the invariance to the
transformed Poisson process and its moments to make sure it remains invariant
under the group transformations.
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To ensure the transformed Poisson process is still Poisson the following iden-
tities has to be satisfy [4, 5]
(5.59) dN(t)dN(t)= dN(t), dW l(t)dN(t), dN(t)dt = 0.
From which using the Itô form of the group transformation of the jump variable
(5.36), (5.59) satisfied for
(5.60) Γ(w)(τ)(t, X (t))= 0.
While using the Itô form of the group transformation of the Poisson and Wiener
processes we have
(5.61) dW l(t)dN(t)=Γ∗∗(w)(φl)(t, X (t))= 0
and finally dN(t)dt = 0.








as well as the expectation of the differential product of Wiener and Poisson process




∣∣∣W = w]= 0.
The invariance of the instantaneous mean of the transformed jump process under






Expanding (5.65) using the Itô form of the group transformation of the jump vari-
able (5.36) and that of the time variable (5.33), lead to
(5.66) Γ∗∗(w)(τ)(t, X (t,w))= 0.
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Next, we apply the invariance form to instantaneous variance of the transformed
jump process measure (5.63) from which using the Itô form of the group transfor-









∣∣∣W = w]= 0
Using the Itô form of the group transformation of Brownian motion (5.35) and







(5.70) Γ∗∗(w)(φl)(t, X (t,w))= 0.










(t, X (t,w))= 0,
substituting (5.70) into (5.72) we get
(5.73) Γ(w)(φl)(t, X (t,w))= 0.
From (5.56) and (5.60), we have
(5.74) Γ∗(w)(φ)(t, X (t,w))= 0.
Remark 5.2.1 From equation (5.66) and (5.70), we can conclude that the infinites-
imals of the temporal and Wiener processes are independent of the spatial variable
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x. This result was assumed by Gaeta to achieve his result on W-symmetries of
Wiener stochastic differential equations [16].
Remark 5.2.2 Note that by using the Lie group transformation to ensure the
mean and variance of both Wiener and Poisson processes remain invariant un-






used in [8, 9, 13, 20, 28, 32] to transform the Wiener process term. Even though, it
was not derived formally using Lie group of transformations.
Definition 5.2.3 The infinitesimals group transformations
t = t+ετ(t, x,w), X = X i +εξi(t, x) and W =W +εφ(t, x,w)(5.76)
are called symmetry transformations of the jump-diffusion stochastic differential
equation (SDEJ) i.e.,
(5.77) dX i(t)= f i(t, X (t))dt+G il(t, X (t))dW(t)+ Ji(t, X (t))dN(t)
if they leave (5.77). (5.59) and (5.42) invariant.
5.3 Derivation of the Determining Equations
In the previous sections, we transformed the drift, Wiener and jump diffusion
components using the Lie group of transformations. We also ensured that the
transform Wiener and Poisson process together with there mean and variance
properties remain invariant under the Lie group of transformations, which gives
us additional necessary and sufficient conditions in order for the stochastic equa-
tion (5.1) to remain invariant. The intention is to transform the finite jump
stochastic differential equation (5.1) into a similar one using the transformation
(5.76) i.e.,
(5.78) dX j(t)= f j(t, X (t))dt+G jl(t, X (t))dW(t)+ J j(t, X (t))dN(t).
This can be achieved by substituting the Itô forms of the temporal, Wiener and
jump group transformations as well as the transformed drift vector, Wiener dif-
fusion and jump coefficients i.e., (5.33), (5.35), (5.36), (5.39), (5.40) and (5.41) into





























Using (5.57), (5.58), (5.70) and (5.73) equation (5.79) can be reduced to




















Therefore, by comparing the Itô form of spatial group transformation (5.34) and






+H( f )−Γ(w)(ξ) j
)
(t, X (t,w))= 0,
(5.82)
(
H(G jl)+G jlΓ∗(w)(φl)−Γ∗(w)(ξ) j
)









(t, X (t,w))= 0.
With the following additional conditions viz (5.57), (5.58) and (5.70) respectively;
(5.84) Γ∗(w)(τ)(t, X (t,w))= 0,
(5.85) Γ∗∗(τ)(t, X (t,w))= 0,
and
(5.86) Γ∗∗(w)(φl)(t, X (t))= 0.
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Similarly, we respectively have from (5.73), (5.60) and (5.74)
(5.87) Γ(w)(φl)(t, X (t))= 0,
(5.88) Γ(w)(τ)(t, X (t))= 0
and
(5.89) Γ∗(w)(φl)(t, X (t))= 0.
Those additional conditions (5.84-5.89) are necessary for making the jump-diffusion
stochastic differential equation invariant and are obtained from the invariance
forms of the moments of the Wiener and Poisson processes.
Where the operators Γ(w)(t, x), Γ∗(w)(t, x) and Γ
∗∗
(w)(t, x) are defined as in (5.7),
(5.8) and (5.9); while λ > 0 is called the intensity of the jump process, then the
infinitesimals ξ(t, x), τ(t, x,w) and φ(t, x,w) are called the admitted symmetries of
(5.1) if and only if they satisfied the determining equations (5.81) - (5.89).
Remark 5.3.1 After removing the infinitesimal of the Wiener process, we obtained
the same determining equations as the one we obtained in Chapter 4. Also, by
removing the jump term the same result as Gaeta [16] was derived, even though
Gaeta makes use of restricted transformation i.e., fiber preserving transformation
from the beginning.
5.4 Applications
This section, is devoted to finding admitted Lie point symmetries of some few
jump-diffusion stochastic differential equations by utilising the determining equa-
tions derived in the previous section.
Example 5.4.1 Consider the jump SDE, linear in the state process X (t), with con-
stant coefficients;
(5.90) dX (t)= u0X (t)dt+α0X (t)dW(t)+v0X (t)dN(t)
with initial condition X (t0) = x0 > 0. The coefficient u0 is called the drift or de-
terministic coefficient, v0 is called the jump amplitude coefficient of the jump term
and α0 is called Wiener diffusion coefficient, with jump intensity λ=λ0.
Chapter 5. W- symmetry of Itô Stochastic Differential Equations with a Finite
Jump Process 93
Therefore, we have the drift, Brownian motion diffusion and jump coefficients
as
f (t, x)= u0x, g(t, x)=α0x and J(t, x)= v0x.(5.91)
with u0, α0 and v0 non-zero.
Using the determining equations (5.81), (5.82), (5.83) and (5.89) for drift f (t, x)=










































































+v0ξ(t, x)= ξ(t, x+v0x)−ξ(t, x).
































From equation (5.85) and (5.86) we obtain the following
(5.98) τ(t, x,w)= τ(t,w)
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By using (5.98), (5.100) and (5.88) we obtain the time infinitesimal
(5.101) τ(t, x,w)= c1.














Using (5.102), (5.99) and (5.103) we finally obtain the jump infinitesimal
(5.104) φ(t,w)= c2.
Substituting the temporal infinitesimal (5.101) into (5.92), (5.93) and (5.94) we
respectively obtain

















(5.107) ξ(t, x+v0x)−ξ(t, x)= v0ξ(t, x).
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Therefore, solving (5.108) we obtain
(5.109) ξ(t, x)= g(t)x+h(x).





Solving (5.110) for h(x) gives
(5.111) h(x)= c5x.
Substituting (5.111) into (5.109) gives
(5.112) ξ(t, x)= g(t)x+ c5x.
Substituting (5.112) into (5.105) gives
(5.113) g(t)= c6
Finally, using (5.112), (5.113) and (5.107) we have the spatial infinitesimal
(5.114) ξ(t, x)= c6x+ c5x.
Which implies from (5.114), (5.101) and (5.104), respectively
(5.115) ξ(t, x)= 2c7x, τ(t, x,w)= c1 and φ(t, x,w)= c2.
Therefore (5.90) admit three dimensional symmetry algebras, given as
(5.116) H1 = ∂
∂t
, H2 = 2x ∂
∂x
, H3 = ∂
∂w
.
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with initial condition X (0)= x0, where D is non-negative constant and b 6= 0
From the jump-diffusion model (5.117) we have the drift vector, Wiener diffu-
sion and jump coefficients respectively as
f (t, x)=−kt2, G(x, t)=
p
D, D > 0 and J(t, x)= b, b 6= 0.(5.118)
From (5.84), (5.85), (5.88) (5.86), (5.87) and (5.89) the temporal and Poisson term
infinitesimals are
(5.119) τ(t, x,w)= c1, φ(t, x,w)= c2.

















(5.122) ξ(t, x+b)= ξ(t, x).
Solving the differential equation (4.75) using (4.76) yields the spatial infinites-
imal
(5.123) ξ(t, x)=−kt2c1 + c3.
Therefore, jump-diffusion stochastic differential equation (5.117) admitted three
dimensional Lie symmetry infinitesimal generators









Example 5.4.3 Consider a jump stochastic differential equations
(5.125) dX (t)=−k2X (t)dt+
√
2k2dW(t)+αtdN(t)
with k2 a positive constant and X (0) = x0. From the jump-diffusion model
(4.69) we have the drift vector, Wiener diffusion and jump coefficients respectively
Chapter 5. W- symmetry of Itô Stochastic Differential Equations with a Finite
Jump Process 97
as
f (t, x)=−k2x, G(x, t)=
√
2k2, k > 0 and J(t, x)=αt, α 6= 0.(5.126)
Using the determining equations (5.81), (5.82), (5.83), (5.89) and (5.130) respec-
tively, we get













(5.129) ξ(t, x+αt)−ξ(t, x)=ατ(t, x,w).
It follow from (5.84), (5.85), (5.88) (5.86), (5.87) and (5.89) the temporal and Pois-
son term infinitesimals are respectively
(5.130) τ(t, x,w)= c1, φ(t, x,w)= c2.
Solving (5.127) and (5.128) simultaneously we have the spatial infinitesimal as
(5.131) ξ(t, x)= c3ek
2t.
Substituting (5.131) in (5.129) using (5.130) implies
(5.132) τ(t, x,w)= c1 = 0.





, H2 = ∂
∂w
(5.133)
with corresponding Lie bracket relations [H1,H2]= [H2,H1]= 0. Which shows that
the symmetries generator (5.133) forms an abelian group.
Remark 5.4.4 Its worth noticing that extending the Lie transformations to in-
clude not only the spatial and temporal variables but also the Wiener process vari-
able gives at least one additional infinitesimal generator, this is similar to the
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finding of F. G. Geata [14, 16] and Ebrahim [29] while discussing "W"-symmetry
of Wiener stochastic differential equations.
Lie classification of the jump-diffusion stochastic differential equation discusses
in this chapter is given in Table 5.1 below.
TABLE 5.1: Lie Group Classification chapter 5
Group Dimension Basis Operators Equations
2 H1 = ek
2t ∂
∂x , H2 = ∂∂w dX (t)=−k2X (t)dt+
p
2k2dW(t)+αtdN(t)
3 H1 = ∂∂t , H2 = 2x ∂∂x , H3 = ∂∂w . dX (t)= u0X (t)dt+α0X (t)dW(t)+v0X (t)dN(t)
3 H1 = ∂∂t −kt2 ∂∂x , H2 = ∂∂x , H3 = ∂∂w . dX (t)=−kt2dt+
p
DdW(t)+bdN(t),D > 0,b 6= 0
Chapter 6
N-symmetry of Itô Stochastic
Differential Equations with a
Finite Jump Process
Lie point symmetry of jump-diffusion stochastic differential equations is defined,
by considering infinitesimals of spatial, temporal and vector jump process vari-
ables N(t). We utilised the standard random time change formula to transform
the Brownian motion [35]. The determining equations for the admitted Lie sym-
metries are derived in Itô context and happen to be deterministic. This was later
applied to a number jump-diffusion models to obtain the corresponding infinites-
imal generators.
6.1 Introduction
In this chapter, we discuss Lie point symmetries of Itô stochastic differential equa-
tions driven by both Wiener processes and Poisson processes i.e., finite jump pro-
cesses (SDEJ) given as;
(6.1) dX i(t)= f i(t, X (t, N))dt+G il(t, X (t, N))dW(t)+ Ji(t, X (t, N))dN(t).
Where f i(t, X (t, N)) and Ji(t, X (t, N)) are n×1 dimensional drift vector coefficient
and jump diffusion coefficient respectively and G il(t, X (t, N)) is the n×M dimen-
sional Wiener diffusion matrix coefficient. The coefficients are assumed to satisfy
the standard theorem of existence and uniqueness of the solution of (6.1).
The Lie Symmetries of (6.1) are analysed by extending the symmetry genera-
tor used in chapter three to include the infinitesimal transformations of the Pois-
son process. That is, we now consider infinitesimals involving not only the spatial
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and time variables (t, x), but also the Poisson diffusion processes N(t), while keep-
ing the standard random change formula for Brownian motion unaltered.
The determining equations for Itô stochastic differential equations (SDE) with
finite jump (6.1) are derived in an Itô calculus context and found to be non-
stochastic.
For an arbitrary differentiable function F(t, X (t, N)) we determine by the Itô
lemma of the jump diffusion process, the Itô process F(t, X (t)) of (6.1) exists and
is
(6.2) dF j(t, X (t,W))=Γ(N)(F) jdt+Γ∗(N)(F) jdW(t)+Γ∗∗(N)(F) jdN(t).
with
















(6.4) Γ∗(N)(F) j =
∂F j
∂N




(6.5) Γ∗∗(N)(F) j = F j
(
t, X i(t)+ J(t, X i(t, N))
)
−F j(t, X i(t)).
Using the Itô multiplication properties of both Brownian motion and Poisson pro-
cesses and application of infinitesimal transformations the determining equations
for (SDEJ) are derived and are non-stochastic. We obtained the following result;
Theorem 6.1.1 The Itô stochastic differential equation with a finite jump
(6.6) dX i(t)= f i(t, X (t, N))dt+G il(t, X (t, N))dWl(t)+ Ji(t, X (t, N))dN(t)
where f i(t, X (t, N)) and Ji(t, X (t)) are n×1 dimensional drift vector coefficient and
jump diffusion coefficient respectively and G il(t, X (t)) is the Wiener diffusion ma-
trix coefficient of n×M dimension, with infinitesimal generator
(6.7) H = τ(t, X , N) ∂
∂t
+ξi(t, X i) ∂
∂xi
+γi(t, X i, N) ∂
∂N
,
has the following determining equations;
(6.8)
(
f jΓ(N)(τ)+ J jΓ(N)(γ j)+H( f j)−Γ(N)(ξ) j
)
(t, X (t, N))= 0,












J jΓ∗∗(N)(γ j)+H(J j)−Γ∗∗(N)(ξ) j
)
(t, X (t, N))= 0
with the following additional conditions;
(6.11) Γ∗(N)(τ)(t, X (t, N))= 0,
(6.12) Γ∗∗(N)(τ)(t, X (t, N))= 0,
(6.13) Γ∗(N)(γ j)(t, X (t, N))= 0,
(6.14) Γ∗∗(N)(γ j)= 0,
(6.15) Γ(N)(τ)(t, X (t, N))= 0
and
(6.16) Γ(N)(γ j)(t, X (t, N))= 0.
The operators Γ(N)(t, X (t)), Γ∗(N)(t, X (t)) and Γ
∗∗
(N)(t, X (t)) are defined as in (6.3),
(6.4) and (6.5), the infinitesimals ξ(t, x), τ(t, x, N) and φ(t, x, N) are called the ad-
mitted symmetries of (6.1) if and only if they satisfied the determining equations
(6.8) - (6.16).
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6.2 Lie Group Transformations
Consider a one-parameter group of transformation of time index t, the spatial x
and jump variables J respectively,









satisfying the following initial conditions at ε= 0
t
∣∣∣
ε=0 = t X
∣∣∣
ε=0 = X N
∣∣∣
ε=0 = N.(6.19)
Where ε is the parameter of the group, hence the corresponding generator of the
Lie transformation is of the form
(6.20) H = τ(t, x, N) ∂
∂t
+ξi(t, X i) ∂
∂xi
+γi(t, X i, N) ∂
∂N
.
The differential Point transformation of the temporal t and spatial x variables
respectively are
(6.21) dt = dt+εdτ+O(ε)
and
(6.22) dX j(t)= dX j(t)+εdξ j +O(ε).
Similarly, the differential Point transformation of Wiener process W and the jump








(6.24) dN(t)= dN(t)+εdγ j +O(ε).
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Using Itô formula (6.2), the spatial, temporal and jump infinitesimals can be writ-
ten in Itô forms respectively as
(6.25) dξ j =Γ(N)(ξ) j(t, X (t))dt+Γ∗(N)(ξ) j(t, X (t))dW(t)+Γ∗∗(N)(ξ) j(t, X (t))dN(t),
(6.26) dτ=Γ(N)(τ)(t, X (t))dt+Γ∗(N)(τ)(t, X (t))dW(t)+Γ∗∗(N)(τ)(t, X (t))dN(t)
and
(6.27) dγ j =Γ(N)(γ j)(t, X (t))dt+Γ∗(N)(γ j)(t, X (t))dW(t)+Γ∗∗(N)(γ j)(t, X (t))dN(t).
Substituting the Itô form of the temporal (6.26) and spatial infinitesimals (6.25)
into (6.21) and (6.22) the spatial and temporal group transformations can be writ-
ten in Itô forms respectively as
(6.28) dt = dt+ε
(





dX j(t)= dX j(t)+ε
(
Γ(ξ) j (t, X (t))dt+Γ∗(ξ) j (t, X (t))dW(t)+Γ
∗∗
(ξ) j (t, X (t))dN(t)
)
+O(ε).
Similarly, substituting the Itô form of the temporal (6.26) and jump infinitesi-
mals (6.27) into (6.23) and (6.24) the Wiener process and the jump process group












Γ(γ j)(t, X (t))dt+Γ∗(γ j)(t, X (t))dW(t)+Γ
∗∗
(γ j)(t, X (t))dN(t)
)
+O(ε).
Simplifying the Itô Wiener group transformation (6.30) using the Itô multiplica-
tion properties of Brownian motion in Table 1.1, the group transformation (6.30)
can be reduced to
(6.32) dW(t)= dW(t)+ ε
2
(
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We are now in a position to proceed to use the transformed Itô forms of the group
transformation of spatial, temporal and jump process variables as well as the Itô
form of the infinitesimals of temporal, spatial and jump variables to transforms
the properties of both Brownian motion and Poisson process.
6.2.1 Wiener Invariance Properties
We apply the invariance to the moments of the Wiener process to ensure it re-
mains invariant under the group transformations, viz the instantaneous mean









∣∣∣W = w]= δlmdt.
The invariance of the instantaneous mean of the transformed Wiener process un-




∣∣∣W = w]= 0.
Substituting the Itô forms of the group transformation of Wiener process variable






Γ(τ)(t, X (t))dW(t)+Γ∗(τ)(t, X (t))
)
+O(ε)
∣∣∣W = w]= 0
Expanding (6.36) using (6.33) gives
(6.37) Γ∗(τ)(t, X (t))= 0.
Next, we apply the invariant form to instantaneous variance of the transformed
Wiener process measure (6.34) from which using the Itô forms of the group trans-




∣∣∣W = w]= δlmdt.
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The Levy characterization of Brownian motions [9, 25] are follow automatically
using (6.37) i.e.,
(6.39) dW l(t)dWm(t)= δlmdt, dW l(t)dt = 0, dtdt = 0.
6.2.2 Poisson Invariance Properties
Before deriving the determining equations, we apply the invariance to the mo-
ments of the jump process to make sure it remains invariant under the group









and the differential product of the Itô forms of the group transformation of Wiener
and Poisson process variables i.e.,
(6.42) EQ
[
dWl(t)dN(t)|W = w, N = n
]= 0.
The invariance of the instantaneous mean of the transformed jump process under












(γ j)(t, X (t))dN(t)
∣∣∣W = w]=λ(Γ(τ)(t, X (t))dt




Expanding (6.44) using the properties of the moments of the processes i.e., (6.33),
(6.34) and (6.40), equation (6.44) can be simplified to
(6.45)
(
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Next, we apply the invariant form to instantaneous variance of the transformed






Expanding (6.46) using the Itô form of the Poisson process variable group trans-





Finally, using the Itô temporal group transformation (6.28), equation (6.47) gives
the following differential relation
(6.48) (Γ∗∗(N)(γ j)+Γ∗∗(N)(γm))dt =Γ(N)(τ)dt+Γ∗∗(N)(τ)dN(t, N).
Comparing the jump and Riemann integrals in (6.48) we have the following rela-
tions
(6.49) Γ∗∗(N)(τ)(t, X (t))= 0
and
(6.50) Γ(N)(γ j)+λΓ∗∗(N)(γ j)=λΓ(N)(τ).
Using (6.49), equation (6.48) can be reduced to
(6.51) Γ∗∗(N)(γ j)+Γ∗∗(N)(γ j)=Γ(N)(τ).




∣∣∣W = w]= 0.
Substituting the Itô group transformation of Wiener (6.32) and Poisson processes














Chapter 6. N-symmetry of Itô Stochastic Differential Equations with a Finite
Jump Process 107
Finally, using equation (6.37) and (6.54) we have the following relation
(6.55) Γ∗(N)(γ j)(t, X (t))= 0.






(6.57) Γ(N)(τ)(t, X (t))= constant = c1













This is a generalised random time change formula for jump process variables that
transform the Poisson process variable.
However, the invariant of the Watanabe characterisation of Poisson processes
(6.60) dN(t)dN(t)= dN(t), dW l(t)dN(t), dN(t)dt = 0
led to
(6.61) Γ(N)(γ j)(t, X (t))= 0, and Γ∗∗(N)(γ j)(t, X (t))= 0.
From which using (6.61) in (6.50), (6.51) and (6.57) we get
(6.62) Γ(N)(τ)(t, X (t))= 0.
Remark 6.2.1 Note that the random time change formula derived here confirmed
our finding in Chapter 3 even though different operators were used.
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6.2.3 Invariance Form of the Spatial Process
To ensure the recovery of the finite transformations from the infinitesimal trans-
formation, we need to transform dX (t, N) into
(6.63) dX j(t)= f j(t, X (t)dt+G jl(t, X (t)dW(t)+ J j(t, X (t)dN(t)
where the transformed drift component using the infinitesimal generator (6.20)
is
f j(t, X (t)=
(
f j +εH( f j)
)
(t, X (t))
= f j(t, X (t))+ε
(











while the transformed Wiener diffusion component gives
G jl(t, X (t, N))=
(
G jl +εH(G jl)
)
(t, X (t, N))
=G jl(t, X (t, N))+ε
(












Finally, the transformed jump diffusion component using the infinitesimal gener-
ator
J j(t, X (t, N))=
(
J j +εH(J j)
)
(t, X (t, N))
= J j(t, X (t, N))+ε
(












By now, all the necessary tools are available to derive the determining equations
for the admitted Lie symmetries of stochastic differential equations driven by
both Wiener and Poisson processes.
Definition 6.2.2 The infinitesimals group transformations
t = t+ετ(t, x, N), X i(t)= X i(t)+εξi(t, x), Ni(t)= Ni(t)+εγi(t, xi, N)(6.67)
are called symmetry transformations of the jump-diffusion stochastic differential
equation (SDEJ) i.e.,
(6.68) dX i(t)= f i(t, X (t))dt+G il(t, X (t))dW(t)+ Ji(t, X (t))dN(t)
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if they leave (6.68) and the properties of the Brownian motion and Poisson pro-
cesses invariant.
6.3 Derivation of the Determining Equations
This section is devoted to obtaining the determining equations for the admitted
Lie point symmetry of (6.1). This can be achieved by transforming (6.1) into
(6.69) dX j(t)= f j(t, X (t)dt+G jl(t, X (t)dW(t)+ J j(t, X (t))dN(t)
through utilising the results obtained in the previous sections as follows.
Substituting the Itô temporal (6.28), jump (6.31), Wiener variables group trans-
formations (6.32) as well as the transformed drift (6.64), Wiener diffusion (6.65)
and jump components (6.66) into (6.69) gives
dX j(t)=dX j(t)+ε
(


















Substituting (6.37), (6.49) and (6.55) into (6.70), equation (6.70) can be reduced to
dX j(t)= dX j(t)+ε
(















Therefore, by comparing (6.29) and the Itô form of the spatial variable group
transformation (6.71) we obtain the following determining equations
(6.72)
(
f jΓ(N)(τ)+ J jΓ(N)(γ j)+H( f j)−Γ(N)(ξ) j
)







(t, X (t))= 0
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J jΓ∗∗(N)(γ j)+H(J j)−Γ∗∗(N)(ξ) j
)
(t, X (t))= 0.
With the following additional conditions from the invariant forms of the moments
properties of the Wiener and Poisson processes i.e., (6.37), (6.49) and (6.55) re-
spectively
(6.75) Γ∗(N)(τ)(t, X (t))= 0,
(6.76) Γ∗∗(N)(τ)(t, X (t))= 0,
and
(6.77) Γ∗(N)(γ j)(t, X (t))= 0.
Equation (6.61) gives
(6.78) Γ∗∗(N)(γ j)(t, X (t))= 0
and
(6.79) Γ(N)(γ j)(t, X (t))= 0
Finally, from (6.62), we can obtain
(6.80) Γ(N)(τ)(t, X (t))= 0.
Where the operators Γ(N)(t, x), Γ∗(N)(t, x) and Γ
∗∗
(N)(t, x) are defined as in (6.3), (6.4)
and (6.5), while λ> 0 is called the intensity of the jump process, then the infinites-
imals ξ(t, x), τ(t, x, N) and φ(t, x, N) are called the admitted symmetries of (6.1) if
and only if they satisfied the determining equations (6.72) - (6.80).
6.4 Applications
In this section, we are going to apply the derived determining equations of Pois-
son Itô stochastic differential equations obtained in the previous section to some
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stochastic models to show how the determining equations can be used to find the
admitted Lie point symmetries of each model.
Example 6.4.1 Consider a jump-diffusion stochastic differential equation with




X (0)= x0, while D and b are positive constants with b 6= 0.
Therefore, the drift, Wiener and jump process coefficients are
f (t, x)=−kt2, G(x, t)=
p
D and J(t, x)= b b 6= 0(6.82)



















































































= ξ(t, x+b)−ξ(t, x).
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and
(6.89) γ(t, x+b, N)−γ(t, x, N)= 0.
From equation (6.76), the temporal infinitesimal is independent of variable x i.e,
(6.90) τ(t, x, N)= τ(t, N).
Substituting (6.90) into (6.86) implies temporal infinitesimal is the function of the





Using temporal infinitesimals (6.90) and (6.91) in (6.57) gives the temporal in-
finitesimal as
(6.92) τ(t, x, N)= c2.















(6.95) ξ(t, x+b)= ξ(t, x).
Solving (6.94) and (6.93) simultaneously, gives the spatial infinitesimal
(6.96) ξ(t, x)=−kt2c2 + c3.




= 0 and ∂γ
∂N
= 0.
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Finally, from (6.97) and (6.87) we have a constant jump infinitesimal i.e.,
(6.98) γ(t, x, N)= c4.
Therefore, (6.81) admit three dimensional symmetry infinitesimal generators;




, H2 = ∂
∂x
, H3 = ∂
∂N
.
Example 6.4.2 Consider the jump SDE, linear in the state process X (t), with con-
stant coefficients,
(6.100) dX (t)= X (t)(u0(t)dt+α0(t)dW(t)+v0(t)dN(t))
with initial condition X (t0) = x0 > 0, u0(t) called the drift or deterministic coeffi-
cient, v0(t) is called the jump amplitude coefficient of the jump term and α0(t) is
called the Wiener diffusion coefficient, with jump intensity λ = λ0 > 0. Therefore,
the drift, Wiener and jump coefficients are;
f (t, x)= u0x, g(t, x)=α0x and J(t, x)= v0x.(6.101)














































































+v0ξ= ξ(t, x+v0x)−ξ(t, x).



































(6.108) γ(t, x+v0x, N)−γ(t, x, N)= 0.
From equation (6.76), (6.75),(6.62) and(6.57) we have the infinitesimal of the tem-
poral variable as;
(6.109) τ(t, x, N)= c2.
Substituting the infinitesimal of the temporal variable (6.109) into (6.102), (6.103)

















(6.112) v0ξ= ξ(t, x+v0x)−ξ(t, x).
Solving (6.111) gives the spatial infinitesimal as
(6.113) ξ(t, x)= f (t)x.





Chapter 6. N-symmetry of Itô Stochastic Differential Equations with a Finite
Jump Process 115
Using (6.114) and (6.113) the spatial infinitesimal becomes
(6.115) ξ(t, x)= c3x.






Similarly, using equation (6.116) and (6.105) we can conclude that the infinitesi-










This implies from (6.116), (6.117) and (6.118) that the infinitesimal of the jump
variable is constant i.e.,
(6.119) γ(t, x, N)= c4.
Therefore, the symmetry algebra corresponding to the infinitesimals is three di-
mensional and given as
H1 = ∂
∂t
, H2 = x ∂
∂x
, H3 = ∂
∂N
.(6.120)







where k2 positive is a constant and α 6= 0 with initial condition X j(0) = x0. There-




 , J j =
 0
αt
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(6.130) γ j(t, x+ J j, N)−γ j(t, x, N)= 0.
Using equation (6.76), (6.75) and (6.57) gives the temporal infinitesimal
(6.131) τ(t, x, N)= c1t+ c2.
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Substituting temporal infinitesimal (6.131) into (6.123), (6.124), (6.125) and (6.126)
respectively gives







































Solving (6.134) and (6.135) respectively gives
(6.136) ξ1 = c1x22 + f (t, x1)
and
(6.137) ξ2 = c1x22 + g(t, x1).
Substituting (6.136) and (6.137) into (6.132) and (6.133) respectively gives
(6.138) x2c1 + c1x22 + g(t, x1)=
∂ f (t, x1)
∂t

















We can conclude the following from (6.138) and (6.139)
(6.140) c1 = 0, fx1(t, x1)= 0 and gx1(t, x1)= 0.













Solving the differential equation (6.142) gives
(6.143) g(t)= c3e−k
2t,
substituting (6.143) in (6.141), and solving for f (t) we get




Finally, substituting (6.144), (6.143) in (6.136) and (6.137) using (6.140) respec-
tively gives





(6.146) ξ2 = c3e−k
2t.
Similarly, using (6.140) in (6.131) and (6.80) reduces the temporal infinitesimal to
(6.147) τ(t)= c2.
We can clearly see that for j = 1 (6.145) satisfied (6.74), while for j = 2 equation
(6.146) and (6.74) led to
(6.148) c2α= 0
which implies
(6.149) c2 = 0 since α 6= 0.
To find the infinitesimal of the jump process we proceed as follows, using (6.130)
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Using equation (6.150), (6.128) and (6.129) shows that the infinitesimal of the
jump process variable is constant i.e.,
(6.151) γ j(t, x, N)= c5 f or j = 1,2.
Finally, we have the following infinitesimals
τ(t)= 0, ξ1 = −c3e
−k2t
k2
+ c4 and ξ2 = c3e−k
2t(6.152)
and
(6.153) γ j(t, x, N)= c5 f or j = 1,2.
Therefore, the symmetry infinitesimal generators corresponding to (6.152) and (6.153)








, H2 = ∂
∂x1
, H3 = ∂
∂N
(6.154)
Remark 6.4.4 Note that if c1 = 0 the determining equations (6.77), (6.78) and
(6.79) will automatically give the infinitesimal of the jump process γ(t, x, N) =
constant otherwise we obtain a non-constant infinitesimal. Also extending the
symmetry generator to include the infinitesimal transformations of the Poisson
process N(t) gives at least one extra symmetry generator. The Lie group classifica-
tion is given in Table 6.1 below.
TABLE 6.1: Lie Group Classification Chapter 6
Group Dimension Basis Operators Equations
3 H2 = ∂∂t −kt2 ∂∂x , H3 = ∂∂x , H4 = ∂∂N . dX =−kt2dt+pDdW +bdN


















The mixture of Wiener and a Poisson processes are the primary tools used in
creating jump-diffusion process which is very popular in mathematical modeling.
In financial mathematics, they are used to describe the change of stock rates
and bonanzas, and they are often used in mathematical biology modeling and
population dynamics.
In this thesis, we have successfully extended the Lie symmetry methods to the
class of jump-diffusion stochastic differential equations, i.e., a stochastic process
driven by both Wiener and Poisson processes. The main goals are first to construct
the determining equations for the jump-diffusion stochastic differential equations
by applying the invariance methodology of Lie point transformation together with
Jump-diffusion Itô lemma, without enforcing any conditions to the moments of the
stochastic processes. And applied the developed theory to some stochastic models
with physical significance to shown that the determining equations found can be
solved to obtained the required infinitesimals.
First, we defined a Lie point symmetry transformation of a class of Poisson
driven stochastic differential equations (7.1), which extended the earlier theory of
the Lie symmetry on Wiener driven stochastic differential equations [7, 8, 9, 10,
15, 20].
(7.1) dX i(t)= f i(t, X (t))dt+ Ji(t, X (t))dN(t).
The determining equations are obtained by considering the infinitesimals of
temporal and spatial variables i.e.,
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Γ(τ) +H( f j)−Γ(ξ) j
)





Γ(τ) +H(J j)−Γ∗(ξ) j
)
(t, X (t))= 0
and
(7.5) Γ∗(τ)(t, X (t))= 0, Γ(τ)(t, X (t))= 0.
We have successfully applied the theory to some stochastic models and they both
admitted two-dimensional Abelian Lie algebras LI2 = [H1,H2] = 0, the Canonical
structures are given in Table 7.1 below
TABLE 7.1: Canonical Forms of Poisson Driven Stochastic Equa-
tions
Algebra Basis Operators Representing Equations
LI2 H1 = ∂∂t , H2 = 2x ∂∂x dX (t)= X (t)(2dt+dN(t))
LI2 H1 = ∂∂t −kt2 ∂∂x , H2 = ∂∂x dX =−kt2dt+bdN(t)
LI2 H1 = ∂∂t H2 = ∂∂x dX (t)= adt+dN(t) a 6= 0
LI2 H1 = ∂∂t , H2 = ∂∂x dX (t)=αdN(t) α 6= 0.
Extending the symmetry generator to include the infinitesimal transforma-
tions of Poisson processes N(t) the determining equations (7.3)− (7.5) has ex-
tended to include;
(7.6) Γ(φ) j = 0, and Γ∗(φ) j = 0.
The stochastic models discussed in this case both admitted infinite-dimensional
Lie algebras. An examples for a trivial form of the Poisson infinitesimal generator
are given as follows;
Chapter 7. Conclusions 123






, H2 = ∂
∂x
, H3 = ∂
∂N
with LI3 = [H1,H2]= [H1,H3]= [H2,H3]= 0.
• dX (t, N) = t(−k2tdt+αdN(t)) admitted two-dimensional Abelian Lie alge-
bras LI2 = [H1,H2]= 0,
H1 = ∂
∂x
, H2 = ∂
∂N
.
• dX (t, N)=−k2xdt+
p
2k2dN(t) admitted three-dimensional Lie algebras
H1 = ∂
∂t
, H2 = e−k
2t ∂
∂x
, H3 = ∂
∂N
.
Simple computation shows that
[H1,H2]=−k2H2, [H1,H3]= 0, [H2,H3]= 0.
Thus the symmetries span a Lie algebras.
The theory was later extended to define the Lie point symmetries for jump-
diffusion stochastic differential equations (i.e., stochastic differential equations
driven by both Wiener and Poisson processes).
(7.7) dX i(t)= f i(t, X (t))dt+G ik(t, X (t))dWk(t)+ Ji(t, X (t))dN(t).
The determining equations are derived in an Itô calculus context and were found
to be non-stochastic though they represent a stochastic process.
The Lie point symmetries of (4.3) are discussed by considering infinitesimals
involving the spatial variable x and time variable t











Γ(τ) +H( f j)−Γ(ξ) j
)
(t, X (t))= 0,





Γ(τ) +H(G jk)−Γ∗(ξ) j
)





Γ(τ) +H(J j)−Γ∗∗(ξ j)
)
(t, X (t))= 0,
(7.12) Γ∗(τ)(t, X (t))= 0, Γ(τ)(t, X (t))= 0
and
(7.13) Γ∗∗(τ)(t, X (t))= 0,
where the operators Γ(t, x), Γ∗(t, x) and Γ∗∗(t, x) are defined in (4.6), (4.7) and (4.8),
λ> 0 is the jump rate.
The stochastic models consider admitted two-dimensional Abelian Lie alge-
bras LI2 = [H1,H2]= 0, the canonical forms of Poisson driven stochastic equations
admitting two-dimensional symmetry Lie algebras are given in Table 7.2 below
TABLE 7.2: Canonical Forms
Algebra Basis Operators Representing Equations
LI2
H1 = ∂∂t −kt2 ∂∂x , H2 = ∂∂x . dX =−kt2dt+pDdW +bdN(t)












LI2 H1 = ∂∂t , H2 = x ∂∂x . dX (t)= X (t)(u0(t)dt+α0(t)dW +v0(t)dN(t)).
We extended the Lie transformation theory of the jump-diffusion stochastic equa-
tions by including dependency of the infinitesimal of the Wiener W(t) and the
Poisson N(t) processes in the Lie generator. This means the determining equa-
tions (7.9)− (7.13) now include
(7.14) Γ∗∗(w)(φl)(t, X (t,w))= 0, Γ∗(w)(φl)(t, X (t,w))= 0, Γ(w)(φl)(t, X (t,w))= 0
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and
(7.15) Γ∗(N)(γ j)(t, X (t, N))= 0, Γ∗∗(N)(γ j)= 0, Γ(N)(γ j)(t, X (t, N))= 0,
where the operators Γ(w)(t, X (t,w)), Γ∗(w)(t, X (t,w))= 0, Γ∗∗(w)(t, X (t,w)), Γ(N)(t, X (t)),
Γ∗(N)(t, X (t)) and Γ
∗∗
(N)(t, X (t)) are defined as in (6.3), (6.4), (6.5), (5.7), (5.8) and (5.9)
.
It is worth noticing that extending the Lie transformations to include the de-
pendency of the Wiener and Poisson process infinitesimals rise to the larger al-
gebra. The Canonical forms in each case are given in Table 7.3 and Table 7.4
respectively
TABLE 7.3: Canonical Forms of Jump-diffusion SDE with Wiener
Infinitesimal Dependency
Algebra Basis Operators Representing Equations
LI2
H1 = ek2t ∂∂x , H2 = ∂∂w dX (t)=−k2X (t)dt+
p
2k2dW(t)+αtdN(t)
LI3 H1 = ∂∂t , H2 = 2x ∂∂x , H3 = ∂∂w . dX (t)= u0X (t)dt+α0X (t)dW(t)+v0X (t)dN(t)
LI3 H1 = ∂∂t −kt2 ∂∂x , H2 = ∂∂x , H3 = ∂∂w . dX (t)=−kt2dt+
p
DdW(t)+bdN(t),D > 0,b 6= 0
TABLE 7.4: Canonical Forms of Jump-diffusion SDE with Poisson
Infinitesimal Dependency
Algebra Basis Operators Representing Equations
LI3
H2 = ∂∂t −kt2 ∂∂x , H3 = ∂∂x , H4 = ∂∂N . dX =−kt2dt+pDdW +bdN














LI3 H1 = ∂∂t , H2 = x ∂∂x H3 = ∂∂N . dX (t)= X (t)(u0(t)dt+α0(t)dW +v0(t)dN(t)).
The following problems remain unsolved;
• Extending Lie transformation theory to a class of stochastic differential
equations driven by fractional Brownian motions.
• Is the Lie transformation theory of stochastic differential equations as ap-
plicable as that of deterministic differential equations?
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